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Abstract—The concept of imaginary logical values was intro-
duced by Spencer-Brown in Laws of Form, in analogy to the
square root of -1 in the complex numbers. In this paper, we
develop a new approach to representing imaginary values. The
resulting system, which we call BF, is a four-valued generalization
of Laws of Form. Imaginary values in BF act as cyclic four-
valued operators. The central characteristic of BF is its capacity
to portray imaginary values as both values and as operators.
We show that the BF algebra is an stronger, axiomatically
complete extension to Laws of Form capable of representing other
four-valued systems, including the Kauffman/Varela Waveform
Algebra and Belnap's Four-Valued Bilattice. We conclude by
showing a representation of imaginary values based on the Artin
braid group.
Index Terms—imaginary logical values, many-valued logics,
indicational notation, Laws of Form, bilattices, distinctions
I. INTRODUCTION
We reexamine the concept of imaginary logical values,
first proposed by George Spencer-Brown [1] and later re-
conceptualized by Kauffman and Varela [2]–[4]. Imaginary
logical values are analogous to i =
√−1 in ordinary algebra.
We introduce a new approach to imaginary Boolean values
based on the concept of the square root of negation as
introduced by Kauffman in 1989 [4], [5] and revived more
recently as a logical calculus that we call BF [7]–[9].
The reader may recall that the square root of minus one, i,
can be represented as acting on ordered pairs of real numbers
by the formula i(a, b) = (−b, a). This suggests a correspond-
ing “logical operator” of the form (a, b) i = (∼ b, a) where
a and b are elements of a Boolean algebra. This is one of the
key ideas behind our construction of BF in this paper, which
we stress at this point to indicate the close analogy of our
work with the extension of the real numbers to the complex
numbers.
The first section of the paper begins with a brief introduction
to Laws of Form, to the idea of distinction, and to the notation
used by Spencer-Brown. We have emphasized the idea that
values in Laws of Form can be indicated both as names and
as operations. In Section III, we introduce several known four-
valued calculi, which the reader may regard as precursors
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to BF. Section IV introduces the BF Calculus, stressing the
following important points:
• Every consequence in Spencer-Brown's Primary Algebra
can be represented and formally demonstrated in BF.
• Consequences exist and can be demonstrated in BF that
do no exist in the Primary Algebra.
• All values (real and imaginary) can be viewed as being
both a value and an operation.
• Imaginary values act as cyclic operators, in exact analogy
to a clock marked at the four quarter hours.
Section IV concludes with a proof that the BF algebra is
axiomaically complete based on an extended set of the Bricken
Axioms. Finally, in Section V, we show that each of the four
four valued calculi can be represented in BF, and that the BF
Algebra is equivalent to a Four Valued Billatice.
II. LAWS OF FORM
A. Distinction
Laws of Form by Spencer-Brown [1], and the Primary
Algebra (PA) it describes, is based on the idea of distinction,
represented by the dividing of a space into two regions, one
marked, the second unmarked. In Laws of Form, the mark
indicates the marked state, and the empty value indicates
the unmarked state. The step of representing a value by an
empty space, by the lack of a sign, is motivated by a key
idea: doing so permits the mark to act both as the name
of a value and as an operation.
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The Mark 
as an 
Operation
Fig. 1. Representing a Distinction between Inside (I) and Outside (O)
Consider Figure 1, in which we have drawn a closed circle,
creating a distinction between inside, I , and outside O. We
regard the mark as an operator that takes I to O and O
to I . Then we observe the following:
I = O, O = I, (1)
I = O = I, O = I = O, (2)
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so for any state X we have X = X .
The conceptual shift is to designate the inside to be un-
marked (literally to have no symbol), so that I = . Then
from (1) we obtain
= O, O = , (3)
which means we have equated the mark with the outside
O. From (2), we obtain
= . (4)
By identifying the value of the outside with the result of cross-
ing from the unmarked inside, Spencer-Brown has introduced
a multiplicity meanings to the mark. The statement =
can be interpreted on the left side to mean “cross from the
inside” and on the right as “the name of the outside”.
The mark itself can be seen to divide its surrounding space
into an inside and an outside. When we write , the
two marks are positioned mutually outside each other, and
we can choose to interpret either mark as a name that refers
to the outside of the other. We may also interpret two such
juxtaposed marks to indicate successive naming of the state
indicated by the mark. In either case we can take
as an instance of the principle that to repeat a name can be
identified with a single calling of the name:
= . (5)
At this point we have a single sign representing
both the operation of crossing the boundary of a distinction
and representing the name of the outside of that distinction.
Furthermore, since the mark itself can be seen to make a
distinction in its own space, the mark can be regarded as
referent to itself and to the (outer side) of the distinction that it
makes. The two equations (4) and (5) represent these aspects
of understanding a distinction and the signs that can represent
this distinction. We will now see that the two equations and a
natural formalism for expressions in the mark become a formal
system that can be seen as an ‘arithmetic’ for Boolean algebra.
B. The Primary Arithmetic
On the basis of these considerations, Spencer-Brown defines
a very simple calculus, which he calls the Primary Arithmetic.
Definition 2.1: An expression in the Primary Arithmetic is
a finite pattern containing no variables satisfying
1) The empty pattern is an expression.
2) If X is an expression, then X is an expression.
3) If X and Y are expressions, then X Y is an expression.
Thus, an expression is a pattern of marks drawn in the plane
such that of any two marks in the pattern one can say that
neither is inside the other, or one of the two is inside the
other one.
Example 2.1: For example, the following are all expressions:
and
, and
Calculating in the Primary Arithmetic is based on two
rules, derived from equations (4) and (5) in the prior section,
which may be used to build or simplify expressions.
A1. = .
A2. = .
Note that by making A1 and A2 into possible steps that
transform one expression into another, we have begun the
possibility of calculation. In mathematics we take for granted
the idea of calculation, but it is exactly in situations where
there are possible series of transforming steps that calculation
arises.
Definition 2.2: Two expressions in the Arithmetic are equal
if one can be obtained from the other by applying A1 and
A2 in a finite series of steps.
Definition 2.3: The two simple expressions are the empty
expression and the mark .
The primary arithmetic proves extremely useful, and
provides a playground, a sandbox for exploring the patterns
and forms that arise from juxtaposing and nesting expressions
based on these definitions. Consider the expressions
, , and .
Applying rules A1 and A2 we can that see the first expression
simplifies to the unmarked state:
= [A2]
= [A1]
= . [A2]
We encourage the reader to explore these forms, to invent
new ones, and to try their hand playfully at applying the rules.
Theorem 2.1: (Spencer-Brown). Every arithmetic expression
simplifies to one of the two simple expressions by application
of rules A1 and A2. This simplification is unique.
Proof: See [1].
In fact, one can show that if two arithmetic expressions X
and Y are obtained, one from another, by any sequence of
steps A1 and A2 (simplifying or complexifying), then they
both simplify to the same unique value. Thus the equivalence
relation generated by A1 and A2 has two equivalence classes
corresponding to the two simple expressions and .
Every arithmetic expression must belong to one or the other
class, which we call unmarked and marked.
C. Patterns in the Arithmetic
Theorem 2.2: The following equalities are always true for
arbitrary arithmetic expressions A and B:
1) A =
2) A = A
3) A B = AB B
Proof: By Theorem 2.1 every arithmetic expression A or
B simplifies to or , so it is sufficient to consider
cases where A and B are limited to these two values. Then
in expression 1), if A = , then A = . And if
A = , then A = = by rule A1, which
completes the proof for 1). Proofs for 2) and 3) are similar
and are left for the reader.
D. The Primary Algebra
Observing patterns in the primary arithmetic provides the
basis to establish a new calculus that incorporates variables.
Definition 2.4: Algebraic expressions in the Primary Alge-
bra (PA) satisfy:
1) the empty value is an expression,
2) Variables, A,B,C, . . . and A1, A2, A3 are expressions,
3) if X and Y are expressions then so is XY ,
4) if X is an expression, the so is X .
Example 2.2: The following are each algebraic expressions:
A and A B C
A , and A B
A BC D EF
Definition 2.5: Principle of Substitution: Let E1 = E2 be
equivalent algebraic expressions with a variable X , and let
S be any expression. If we replace all occurrences of X in
E1 and E2 with S to obtain F1 and F2, then F1 = F2 by
substitution.
Remark 1: A variable is a token or sign that stands for
the presence or absence of an arithmetic expression. If
we substitute any arithmetic expression for a variable X
in an algebraic expression, the result is another arithmetic
or algebraic expression. In addition, once we have this
idea, a variable X in an algebraic expression can stand for
another algebraic expression! Thus we can regard a variable
in an algebraic expression as standing for the presence or
absence of an algebraic expression and allow the operation
of substitution as described above.
Remark 2: Each axiom is a given algebraic identity and
hence is subject to the rule of substitution. This means that
each axiom stands for a an infinite list of specific algebraic or
arithmetic statements. For example A = implies that
= and indeed that a mark placed next to any
expression whatever can be replaced by a single mark. Note
that, by substitution in B1 and B2, the Bricken axioms imply
the arithmetic rules A1 and A2 that we discussed above. For
B1 replace the variable A by and for B2 replace the
variable A by the empty expression.
We will adopt the Bricken Axioms [10] B1, B2, and B3 as
an axiomatically complete basis for the Primary Algebra.
B1. A = (Integration)
B2. A = A (Reflexion)
B3. A B = A B B (Generation)
(Following Spencer-Brown, we also assume AB = BA
implicitly rather than as an axiom.)
Definition 2.6: Demonstration. Let E1 be an expression.
If E1 can be transformed into a second expression E2 by
applying B1, B2, or B3 in a finite sequence, then E1 = E2.
Such a set of steps is called a Demonstration and the resulting
equivalence is called a Consequence.
Consequences B4-B10 can be demonstrated using axioms
B1-B3. We give the first and leave the rest for the reader.
B4. A A = . (Position)
= A [B3, Generation]
= [B1, Integration]
= . [B2, Reflexion]
B5. A B C = A C B C (Transposition)
B6. A B A = A. (Occultation)
B7. A A = A (Iteration)
B8. A B A B = A. (Extension)
B9. A B C = A C B C . (Echelon)
B10. A C B C = A C B C (Cross Trans).
Definition 2.7: A proof that two expressions F and G are
equivalent consists of a valid logical argument that F = G.
We say that expressions F and G are arithmetically equivalent
if they take the same values (via arithmetic simplification) for
all common choices of marked or unmarked states for their
variables. Arithmetical equivalence is the same as equivalence
via truth tables where the table of values is taken to be the
marked and unmarked states rather than true and false.
Theorem 2.3: (Spencer-Brown) The Primary Algebra (PA)
is axiomatically complete: if F and G are arithmetically equiv-
alent algebraic expressions, then F = G can be demonstrated
using the axioms B1, B2, B3. (Spencer-Brown used the set
B4, B5.)
Proof: See [1].
E. Interpreting Logical Operations in the Primary Algebra
The PA is algebraic, with derivations that are expressed
as equivalence rather than by implication and inference by
the rule of modus ponens. However, it is entirely possible to
interpret the PA as a Propositional Logic, as follows:
Definition 2.8: Interpretation for Propositional Logic
Logic −→ Primary Algebra
A Or B −→ A B
A And B −→ A B
Not A −→ A
A Implies B −→ A B
In this interpretation, the mark represents true and
the absence of a mark represents false. An algebraic
expression that is arithmetically equivalent to is said to
be a tautology. This is exactly the same as the usual notion
that a tautology has a truth table of only true values. The
Completeness Theorem 2.3 assures us that the consequences
of the axioms B1, B2, B3 include all tautologies.
III. FOUR VALUED CALCULI
The concept of generating four-valued logics using pair-
based notation is well known. We discuss several ways of
treating such pairs before introducing the BF calculus. In
each, values take the form V = (v1, v2), where v1 and v2
may take on the values of the Primary Arithmetic, and
. The four constant values in each are ( , ), ( , ),
( , ), and ( , ). Each four-valued system shares the
corresponding juxtaposition operation in the Primary Algebra.
Definition 3.1: The juxtaposition AB of two expressions
A and B is defined AB = (a1, a2) (b1, b2) = (a1b1, a2b2),
where a1b1 and a2b2 are the corresponding juxtaposition
operations as defined in the 2-valued Primary Algebra.
What distinguishes the systems are variations in the enclo-
sure or nesting operation X .
A. The Direct Product: System PA× PA
Enclosure is defined: A = (a1, a2) = (a1 , a2 ).
Each axiom and consequence B1, B2, and B3 is valid in
PA×PA. Every pair of expressions that are equivalent in the
Primary Algebra are also equivalent in PA×PA, in particular
B3 and B4 above. This system can be interpreted as a 4-valued
Boolean algebra.
B. The Kauffman/Varela DeMorgan Algebra
Using the definition A w = (a1, a2) w = (a2 , a1 ),
Kauffman and Varela [2] define WF , a DeMorgan Algebra
in which neither the Law of the Excluded Middle (B4) nor
the axiom B3 are valid. Based on earlier work presented by
Kauffman at ISMVL in 1978 [3], the authors establish WF
is axiomatically complete using alternative axioms:
W1. A w B w w C = A C w B C w w (Transposition)
W2. A wB w A = A. (Occultation)
Kauffman and Varela interpret the value M = ( , ) =
to be marked, and the value U = ( , ) to be unmarked.
They interpret the values I = ( , ) and J = ( , ) to
represent opposite phases of the oscillations M,U,M,U . . .
and U,M,U,M . . . , which they use to describe fixed points
and waveform patterns resulting from reentering and self-
referential equations.
Note that in the actual Kauffman/Varela algebra they use
the notation A w = A with no extra designation. In fact, if
one identifies the unmarked state with its empty parenthetical
representative, = ( , ), then we would have
w = ( , ) w = ( , ) =
so that the new operator is identified notationally as an
extension of the original operator. Since the new operator is
in fact such an extension, this notation for it works well.
C. Belnap's DeMorgan Algebra
Alternatively, the definition A b = (a1, a2) b = (a2, a1)
results in a second DeMorgan Algebra, Belnap's FOUR,
when combined with an alternative form of disjunction
A ∨ B. (See Section V.B.) Belnap interprets the value
( , ) = T as true (not false), the value ( , ) = F
as false (not true), the value ( , ) = N as neither true
nor false, and the value ( , ) = B as both true and false.
WF and FOUR were developed at roughly the same time
in the 1970s, but attention has not previously been given to
the relationship between the two systems.
IV. THE BF CALCULUS
The original motivation for BF was to have an operator
i of order four rather than order two as in Spencer-Brown,
so that i i = , where is the Spencer-Brown's mark.
Then i can be considered a “square root,” analogous to the
square root of negation and the square root of negative one.
In so doing we have four basic values: i , i i = ,
i = i i i , and i i = = .
We define the Brown-Four Calculus (BF) to share the same
set of four of values as the three calculi in the prior section.
Definition 4.1: The four simple values in BF are
( , ), ( , ), ( , ), and ( , ).
BF shares the pairwise juxtaposition operation A B as
defined in Definition 3.1. What distinguishes BF is the nesting
operation i , which we call the square root of negation.
Definition 4.2: Let X = (a, b). We define the square root
of negation to be the nesting operation i:
X i = (a, b) i = (b , a). (SQRT)
As in Laws of Form, we identify the empty value with its
representative, the empty parentheses:
( , ) = .
As illustrated in Figure 2, the four simple values are
( , ) i = ( , )
( , ) i i = ( , )
( , ) i i i = ( , )
( , ) i i i i = ( , )
Simple Values in the BF Calculus
( , )
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Fig. 2. The Operation SQRT forms a 4-cycle.
The operation X i is analogous to multiplying unit values
in the complex plane by i =
√−1, as shown in Figure 3.
Multiplication by i =
p 1
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i
<latexit sha1_base64="8PwujlCfva9dsiQM1pQjyY Bt3uA=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r 9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+ nfntJ1SaJ/LRTFIMYjqUPOKMGis9cNJ3q17Nm4OsEr8gVSjQ6LtfvUHCshilYYJq3fW91AQ5VYYzgdNKL9OYUj amQ+xaKmmMOsjnl07JmVUGJEqULWnIXP09kdNY60kc2s6YmpFe9mbif143M9F1kHOZZgYlWyyKMkFMQmZvkwFXy IyYWEKZ4vZWwkZUUWZsOBUbgr/88ippXdR8r+bfX1brN0UcZTiBUzgHH66gDnfQgCYwiOAZXuHNGTsvzrvzsWg tOcXMMfyB8/kDJVmNFw==</latexit><latexit sha1_base64="8PwujlCfva9dsiQM1pQjyY Bt3uA=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r 9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+ nfntJ1SaJ/LRTFIMYjqUPOKMGis9cNJ3q17Nm4OsEr8gVSjQ6LtfvUHCshilYYJq3fW91AQ5VYYzgdNKL9OYUj amQ+xaKmmMOsjnl07JmVUGJEqULWnIXP09kdNY60kc2s6YmpFe9mbif143M9F1kHOZZgYlWyyKMkFMQmZvkwFXy IyYWEKZ4vZWwkZUUWZsOBUbgr/88ippXdR8r+bfX1brN0UcZTiBUzgHH66gDnfQgCYwiOAZXuHNGTsvzrvzsWg tOcXMMfyB8/kDJVmNFw==</latexit><latexit sha1_base64="8PwujlCfva9dsiQM1pQjyY Bt3uA=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r 9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+ nfntJ1SaJ/LRTFIMYjqUPOKMGis9cNJ3q17Nm4OsEr8gVSjQ6LtfvUHCshilYYJq3fW91AQ5VYYzgdNKL9OYUj amQ+xaKmmMOsjnl07JmVUGJEqULWnIXP09kdNY60kc2s6YmpFe9mbif143M9F1kHOZZgYlWyyKMkFMQmZvkwFXy IyYWEKZ4vZWwkZUUWZsOBUbgr/88ippXdR8r+bfX1brN0UcZTiBUzgHH66gDnfQgCYwiOAZXuHNGTsvzrvzsWg tOcXMMfyB8/kDJVmNFw==</latexit><latexit sha1_base64="8PwujlCfva9dsiQM1pQjyY Bt3uA=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r 9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+ nfntJ1SaJ/LRTFIMYjqUPOKMGis9cNJ3q17Nm4OsEr8gVSjQ6LtfvUHCshilYYJq3fW91AQ5VYYzgdNKL9OYUj amQ+xaKmmMOsjnl07JmVUGJEqULWnIXP09kdNY60kc2s6YmpFe9mbif143M9F1kHOZZgYlWyyKMkFMQmZvkwFXy IyYWEKZ4vZWwkZUUWZsOBUbgr/88ippXdR8r+bfX1brN0UcZTiBUzgHH66gDnfQgCYwiOAZXuHNGTsvzrvzsWg tOcXMMfyB8/kDJVmNFw==</latexit>
= A⇥ i
<latexit sha1_base64="iSygPmQWEmg22hrkFrT+rYU7J8U=">AAAB9HicbVDLSgNBEOz1mcRX1KOXwSB4C rte9CJEvXiMYB6QLHF2MpsMmZ1dZ3oDYcl3iOBBEa9+jDf/xsnjoIkFDUVVN91dQSKFQdf9dlZW19Y3NnP5wtb2zu5ecf+gbuJUM15jsYx1M6CGS6F4DQVK3kw0p1EgeSMY3Ez8xpBrI2J1j6OE+xHtKREKRtFK/iW5Im0UET dEkE6x5JbdKcgy8eakVMknzw8AUO0Uv9rdmKURV8gkNabluQn6GdUomOTjQjs1PKFsQHu8Zamido+fTY8ekxOrdEkYa1sKyVT9PZHRyJhRFNjOiGLfLHoT8T+vlWJ44WdCJSlyxWaLwlQSjMkkAdIVmjOUI0so08LeSlifasr Q5lSwIXiLLy+T+lnZc8venVeqXMMMOTiCYzgFD86hArdQhRoweIQneIU3Z+i8OO/Ox6x1xZnPHMIfOJ8/MiqSkA==</latexit><latexit sha1_base64="6iAOhUyE/d5UxRLhMSW8w0Av6RE=">AAAB9HicbVDJSgNBEK2JWxK3qEcvjUHwF Ga86EWIevEYwSyYDKGn05M06VnsrgmGId8hggdFvOq/ePNrtLMcNPFBweO9KqrqebEUGm37y8osLa+srmVz+fWNza3tws5uTUeJYrzKIhmphkc1lyLkVRQoeSNWnAae5HWvfzn26wOutIjCGxzG3A1oNxS+YBSN5J6Rc9JCEX BNBGkXinbJnoAsEmdGiuVc/Hj7cf9daRc+W52IJQEPkUmqddOxY3RTqlAwyUf5VqJ5TFmfdnnT0JCaPW46OXpEDo3SIX6kTIVIJurviZQGWg8Dz3QGFHt63huL/3nNBP1TNxVhnCAP2XSRn0iCERknQDpCcYZyaAhlSphbCet RRRmanPImBGf+5UVSOy45dsm5dorlC5giC/twAEfgwAmU4QoqUAUGd/AAz/BiDawn69V6m7ZmrNnMHvyB9f4DCLuUsA==</latexit><latexit sha1_base64="6iAOhUyE/d5UxRLhMSW8w0Av6RE=">AAAB9HicbVDJSgNBEK2JWxK3qEcvjUHwF Ga86EWIevEYwSyYDKGn05M06VnsrgmGId8hggdFvOq/ePNrtLMcNPFBweO9KqrqebEUGm37y8osLa+srmVz+fWNza3tws5uTUeJYrzKIhmphkc1lyLkVRQoeSNWnAae5HWvfzn26wOutIjCGxzG3A1oNxS+YBSN5J6Rc9JCEX BNBGkXinbJnoAsEmdGiuVc/Hj7cf9daRc+W52IJQEPkUmqddOxY3RTqlAwyUf5VqJ5TFmfdnnT0JCaPW46OXpEDo3SIX6kTIVIJurviZQGWg8Dz3QGFHt63huL/3nNBP1TNxVhnCAP2XSRn0iCERknQDpCcYZyaAhlSphbCet RRRmanPImBGf+5UVSOy45dsm5dorlC5giC/twAEfgwAmU4QoqUAUGd/AAz/BiDawn69V6m7ZmrNnMHvyB9f4DCLuUsA==</latexit><latexit sha1_base64="Az019g+XwigsP1w7aQcJxkNB4y8=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgF e5stBGiNpYRzAckR9jb7CVL9vbO3blAOPI7bCwUsfXH2Plv3CRXaOKDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6G7mt8ZcGxGrR5wk3I/oQIlQMIpW8q/JDemiiL ghgvTKFbfqzkFWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8mmpmxqeUDaiA96xVFG7x8/mR0/JmVX6JIy1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJMbzyM6GSFLlii0VhKgnGZJYA6QvNGcqJJZRpYW8lbEg1ZWhzKtk QvOWXV0nzouq5Ve/Bq9Ru8ziKcAKncA4eXEIN7qEODWDwBM/wCm/O2Hlx3p2PRWvByWeO4Q+czx/oOZDe</latexit>
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<latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpb OvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/ +N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY 38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4Q llYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQ nOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787F oLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpb OvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/ +N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY 38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4Q llYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQ nOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787F oLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpb OvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/ +N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY 38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4Q llYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQ nOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787F oLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpb OvIy8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/ +N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY 38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4Q llYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQ nOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787F oLTj5zDH8gfP5AzjRjSQ=</latexit>
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Fig. 3. The operation SQRT is exactly analogous to multiplying by i =
√−1
The analogy is exact, based on the mapping ( , )→ 1,
( , ) → −1, ( , ) → i, and ( , ) → −i, and
justifies our use of the term square root of negation.
We make use of superscripts to indicate multiple nestings:
X 2i = X i i , and in general X
n
i = X i i . . . i . In
this notation the four simple values are given by applying
operators to the unmarked state: , i , 2i , and
3
i .
A. Calculating in BF
An arithmetic expression contains no variables. In BF
each arithmetic expression simplifies to a simple expression.
We will prove below that in BF each arithmetic expression
simplifies to a simple expression. Note that any concatenation
of operators applied to some ordered pair of expressions
reduces to a new order pair of expressions each in the primary
arithmetic of Spencer-Brown. Then each of these reduces to
either a mark or a void. Thus every expression in BF does
reduce to a simple value. We will below prove the uniqueness
of this reduction.
( , )
( , )
( , ) i ( , ) i i i i
The first is already a simple expression. The second simpli-
fies via two successive applications of Rule A2:
( , ) = ( , ) = ( , ).
Simplification of the third proceeds in two steps. The first step
uses only the operations SQRT (Def. 4.2) and JUXT (Def. 3.1):
( , ) i ( , ) i i i i
= ( , ) ( , ) i i i [SQRT ]
= ( , ) ( , ) i [SQRT, twice]
= ( , ) i [JUXT ]
= ( , ) [SQRT ]
(6)
The second step uses only rules A1 or A2 for the Primary
Arithmetic:
( , )
= ( , ) [A2, twice]
= ( , ) [A2, twice]
(7)
We will show that simplification of expressions is unique.
Definition 4.3: Let E be an arithmetic expression. A Nested
Marking Scheme is a labeling of the spaces within E with
markings M0,M1, M2, M3 as follows. Begin at the left
of E, labeling any constant values (a, b)Mx : ( , )M0,
( , )M1, ( , )M2, ( , )M3. Then label from
left to right according to the following rules of nested marking:
1) Mx i →Mx i Mx+1(mod 4)
2) M2 Mx →M2, and M1 M3 →M2
3) Mx Mx →Mx
4) M0 Mx →Mx.
Note that if the arithmetical expression has all its simple
values written in terms of nested square roots of negation,
then one need only start by labelling all unmarked spaces
with M0. The simplified value of E corresponds to the
rightmost mark. Both examples below simplify to the value
( , ) ←→ M1. In actual practice we shall use the
numerals 0, 1, 2, 3 for M0,M1,M2,M3.
Example 4.1:
i i i i i −→ 0 i 1 i 2 i 3 i0 i 1
Example 4.2:
( , ) i( , ) i i i → ( , )2 i3 ( , )1 2 i3 i0 i1
Theorem 4.1: Every arithmetic expression E in BF simpli-
fies uniquely to one of the four simple values.
Proof (Sketch): Per Theorem 2.1, every arithmetic expres-
sion (a, b) in E simplifies uniquely to a simple value. Mark
the resulting expression in accord with the Nested Marking
Scheme per Definition 4.3. Then we claim the labeled output
(far right) corresponds to the simplified value of E. We ob-
serve the operations SQRT and JUXT each leave the marking
scheme unchanged. But any simplification of E must occur
via a sequence of steps JUXT and SQRT. Consequently, E
cannot simplify to more than one simple value.
B. Algebraic Expressions
Definition 4.4: As in Definition 2.4 an algebraic expression
in BF is an expression that may have variables standing
for possible arithmetic values. There will be, in such an
expression, some number (≥ 0) of variables X = (x1, x2),
where x1 and x2 are variables in the Primary Algebra. Note
that an algebraic expression will be reducible to a pair of
primary algebraic expressions.
Definition 4.5: Equality. Two algebraic expressions F and
G are arithmetically equivalent if they are equal in every
case of choosing one of the four simple values for each
variable. They are demonstrably equivalent if F = G can
be demonstrated as a series of steps applying JUXT, SQRT,
and the axioms of the Primary Algebra. Note this means
one can apply the rules of the primary algebra independently
to two algebraic expressions a and b that appear in a pair (a, b).
We give several important algebraic demonstrations below.
B1. A = (Integration)
A
= ( , ) (a1, a2) [Notation]
= ( a1, a2) [JUXT (Def. 3.1)]
= ( , ) [B2, Integration in the PA]
= [Notation]
B2. A 4i = A (Reflexion)
(a1, a2)
4
i
= (a2 , a1) 3i [SQRT (Def. 4.2)]
= (a1 , a2 ) 2i [SQRT]
= (a2 , a1 ) i [SQRT]
= (a1 , a2 ) [SQRT]
= (a1, a2) [B2, Reflexion in the PA]
= A [Notation]
B3#. A i B i C = A C i B i C (Split Generation)
A i B i C
= (a1, a2) i (b1, b2) i (c1, c2) [Notation]
= (a2 , a1) (b1, b2) i (c1, c2) [SQRT]
= (a2 b1, a1 b2) i (c1, c2) [JUXT]
= (a1 b2 , a2 b1) (c1, c2) [SQRT]
= (a1 b2 c1, a2 b1c2) [JUXT]
= (a1 c1 b2 c1, a2 c2 b1 c2) [Gen. in PA]
= (a1 c1 b2 , a2 c2 b1) (c1, c2) [JUXT]
= (a2 c2 b1, a1 c1 b2) i (c1, c2) [SQRT]
= (a2 c2 , a1 c1) (b1, b2) i (c1, c2) [JUXT]
= (a1 c1, a2 c2) i (b1, b2) i (c1, c2) [SQRT]
= (a1, a2) (c1, c2) i (b1, b2) i (c1, c2) [JUXT]
= A C i B i C [Notation]
B11. A 3i B
3
i i C = A C
3
i B C
3
i i
B12. A i B i 3i C = A C i B C i
3
i .
We leave the final demonstrations for the reader. B3# is a
new result that generalizes the form of Generation (Axiom
B3). Consequences B4-B10 (Primary Algebra) are each valid
in BF. B11 and B12 are new distribution laws, closely related
to the meet and join operations for bilattices in Section V.
C. Axiomatic Completeness
Theorem 4.2: Let F be an algebraic expression in BF. Then
F is demonstrably equivalent to an expression Fˆ = (F1, F2)
where F1, and F2 are expressions in the primary algebra.
Proof : 1. If F has depth 0 then , F = (a1, a2)(a3, a4)
. . . (a2k−1, a2k) = (a1a3 . . . a2k−1, a2a4 . . . a2k) = (F1, F2),
where F1 and F2 are both expressions in the PA.
2. Otherwise assume by induction the theorem to be true
for expressions of depth ≤ n − 1, and that F has depth n.
Then F can be reduced to depth n− 1 by applying the result
from 1 to each of its deepest spaces, followed by applying the
SQRT operation to each such deepest space. Being reduced
to depth n− 1, it then follows that F = Fˆ = (F1, F2).
Theorem 4.3: Axiomatic Completeness. Let F = G be an
arithmetical equivalence. Then F = G is also demonstrable.
Proof: By Theorem 4.2, F = Fˆ = (F1, F2) and G = Gˆ =
(G1, G2) are demonstrable equalities, so therefore, (F1, F2) =
(G1, G2). Consequently, it must also be the case that F1 = G1
and F2 = G2 are both arithmetical equalities, since otherwise
by examination of truth tables (choices of simple values for the
variables) we would necessarily find an exception to Theorem
4.1. Then by Theorem 2.3, F1 = G1 and F2 = G2 are also
demonstrable as expressions in the Primary Algebra, and so
therefore is F = G.
Remark 3: See [7]–[9] for a proof that the three axioms
B1, B2, and B3# form a complete basis for the BF calculus,
without making reference to the primary algebra.
B1. A i i i i = A (Reflexion)
B2. A i i = i i (Integration)
B3#. A i B i C = AC i B i C (Split Generation)
Note that = i i.
We can easily show that B3# implies B3.
A B
= A i i B
= AB i i B [B3#]
= AB B.
B1, B2, and B3# implicate the rules for BF arithmetic.
Previously we had ( , ) ( , ) = ( , ). Now we
find as we have seen by pairs
i
3
i
= i i [By Definition]
= i [B3, Generation]
= [B2, Integration].
V. BF AND THE BILATTICE FOUR
In this section, we interpret the BF calculus as a 4-valued
bilattice. The bilattice concept was initially developed by Nuel
Belnap [11], and refined by Ginsburg [12] and Fitting [13].
The simplest bilattice is known as Belnap’s FOUR. A central
idea of this paper is showing that the bilattice can expressed
using only two (rather than six) primitive operations.
A. The Bilattice FOUR
As originally conceived, FOUR consists of two sets
of meet and join operations (∧,∨,⊗,⊕) and one negation
operation (¬), plus the four values true (T ), false (F ),
Neither true nor false (N), and Both true and false (B). For
this paper, we will consider a bilattice to include a second
negation operation (!) called “conflation,” as introduced by
Fitting. [13]
The four values are often represented as ordered pairs,
with the first entry representing falseness, and the second,
truth. Thus, F = (1, 0) means false and not true, T = (0, 1)
true and not false, N = (0, 0) neither, and B = (1, 1) both.
We map these values to BF as follows:
F ←→ ( , ) T ←→ ( , )
N ←→ ( , ) B ←→ ( , )
(8)
B. The Six Bilattice Operations
The meet and join operations are defined as the greatest
lower (glb) and least upper (lub) bounds on the two partial
orderings ≤t and ≤k in the lattice diagram in Figure 4.
The “truth ordering” ≤t defines A ∧ B = glbt(A,B) and
A ∨ B = lubt(A,B), and in the “knowledge ordering” ≤k
defines A⊗B = glbk(A,B) and A⊕B = lubk(A,B).
F =
≤ k
≤ t
B 
N 
T 
Fig. 4. Lattice Diagram for the Bilattice FOUR
Negation operations for the two orderings are defined
¬A = ¬(a, b) = (b, a) (Ordering ≤t)
!A = !(a, b) = (∼ b,∼ a) (Ordering ≤k).
(9)
Output values for the first are ¬T = F , ¬F = T , ¬N = N ,
and ¬B = B; and for the second, !T = T , !F = F , !N =
B, and !B = N . The two sets of operations form separate,
interrelated DeMorgan Algebras. Fitting observes that ¬ and
! mutually commute, with ¬!A = !¬A = ∼ A. [13]
C. Interpretation
We interpret the bilattice operations in BF as follows:
Bilattice BF
A ∨B = lubt(A,B) A 3i B 3i i
A ∧B = glbt(A,B) A i B i 3i
¬A = (a2, a1) A i 3i A 3i i
The three operations above define a DeMorgan Algebra on the
t-ordering in the lattice diagram in Figure 4 that corresponds
to Belnaps FOUR, while the three operations below form a
DeMorgan Algebra on the k-ordering that corresponds with
the Waveform Algebra WF.
A⊕B = lubk(A,B) A B
A⊗B = glbk(A,B) A B
!A = (∼ a2,∼ a1) A i i A 3i 3i
Inspecting the following truth tables is useful in understanding
the definitions of these expressions.
Table 1 : A 3i B
3
i i
A ∨B 1 0 2 3
1 1 0 2 3
0 0 0 3 3
2 2 3 2 3
3 3 3 3 3
Table 3 : A B
A⊕B 0 1 3 2
0 0 1 3 2
1 1 1 2 2
3 3 2 3 2
2 2 2 2 2
Table 2 : A i B i 3i
A ∧B 1 0 2 3
1 1 1 1 1
0 1 0 1 0
2 1 1 2 2
3 1 0 2 3
Table 4 : A B
A⊗B 0 1 3 2
0 0 0 0 0
1 0 1 0 1
3 0 0 3 3
2 0 1 3 2
The four values are represented in the tables as follows:
0 = ( , )
1 = ( , ) i = ( , )
2 = ( , ) 2i = ( , )
3 = ( , ) 3i = ( , )
Tables 1 and 2 are based on the ordering in the t-lattice,
while tables 3 and 4 are based on the ordering in the k-lattice.
Values in the table are arranged to emphasize the isomorphic
relation between tables 1/3 and 2/4.
The following demonstrations clarify the basis for our
definitions of the DeMorgan negation operations ¬ and !.
T-Ordering: ¬A = (a2, a1)
A i
3
i A
3
i i
= (a1, a2) i ( , ) (a1, a2) 3i ( , ) [Notation]
= (a2 , a1) ( , ) (a2, a1 ) ( , ) [SQRT]
= (a2 , ) ( , a1 ) [JUXT]
= (a2, ) ( , a1) [SQRT 2X]
= (a2, a1) [JUXT]
K-Ordering: !A = (a2 , a1 )
A i i A
3
i
3
i
= A i 3i A
3
i i [B10, CrossTransposition]
= (a2, a1) [By the Prior Demonstration]
= (a2 , a1 ) [SQRT 2X]
From the above we see that !¬A = ¬!A = ∼ A = A ,
as originally observed by Fitting, who regards a bilattice
to be the “lattice product” of the two DeMorgan algebras.
With inclusion of the identity operation A, the three negation
operations ¬A, ∼ A, and !A form a group (under composition
of expressions) that is isomorphic to Klein Four.
There are also additional symmetries. Consider the
following expressions.
A 3i A i (Mark Right)
= (a1, a2) ( , ) (a1, a2) ( , ) [Notation]
= (a1 , a2 ) ( , ) (a1, a2) ( , ) [SQRT 2X]
= (a1 , ) ( , a2) [JUXT]
= (a1, ) ( , a2 ) [SQRT 2X]
= (a1, a2 ) [JUXT]
A 3i A i (Mark Left)
= (a1, a2) ( , ) (a1, a2) ( , ) [Notation]
= (a1, a2) ( , ) (a1 , a2 ) ( , ) [SQRT 2X]
= a1, ) ( , a2 ) [JUXT]
= (a1 , ) ( , a2) [SQRT 2X]
= (a1 , a2) [JUXT]
Together with the expression A and the identity expression
A, Mark Right and Mark Left also form a group that is
isomorphic to the Klein Four Group. Furthermore, the
following eight expressions also form a group:
1) The expressions A, A i, A , and A 3i .
2) The two DeMorgan Negations
A i i A
3
i
3
i
A 3i i A i
3
i
3) The expressions Mark Right and Mark Left
A 3i A i
A 3i A i .
This group is formed by composition of expressions and is
isomorphic to the Dihedral Group of order 8, also known as
the Symmetries of the Square. The expressions A, A i, A ,
and A 3i correspond to rotations, while the two DeMorgan
Negations and Left/Right Mark correspond to reflections. The
strongly motivated reader is encouraged to verify this result.
D. The BF Represention of the Bilattice
There is much to say about the characteristics revealed by
the BF representation of the bilattice. We have succeeded in
deriving a fundamentally new representation of the bilattice
– in the form of the BF calculus. Remarkably, the number
of primitive operations is reduced from six in the bilattice to
merely two: the juxtaposition X Y , and imaginary contain-
ment, X i (as anticipated but developed differently in [16],
[17]). BF is both axiomatically and functionally complete, and
provides a very compact axiomatization for the bilattice.
One promising area for extending research is the applica-
tion of the BF formulation of bilattice operations to modal
logics, following the work of Alexander Karpenko [15]. Our
preliminary results in this area show significant promise in
expressing a range of modal logics using BF forms, including
the interesting logics GL and GRZ associated with the “Logic
of Provability” of George Boolos [18].
E. Beyond the Bilattice
Based on additional work, we have shown that the concept
of an imaginary operator extends to a 16-valued quaternion-
based system Q by adding the operator/values j and k.
In this quaternion system, i i = j j = k k =
i j k = . The lattice of meets and joins that defines
the juxtaposition operation forms a hypercube (Figure 5).
We note that a similar construction of a 16-valued
multi-lattice has previously been described by Shramko and
Wansing [19]. Our Calculus Q, based on the Quaternions, is
conceptually simpler, and provides access to the axioms and
consequences of both BF and the Primary Algebra.
We have also established that we can generalize the calculus
to the order 2n for arbitrary n using the rotational operation
(x1, x2, . . . xn) r = (xn , x1, x2, . . . , xn−1).
The resulting system is functional complete and can
be axiomatized by applying BF operations on adjacent
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Fig. 5. Lattice Diagram Defining Juxtaposition in the Q Calculus
indexed pairs. This concept has a natural representation
as braiding operations. These extensions have a natural
representation as braiding operations. In this representation, a
pair (a,b) is represented as two strings, and the the imaginary
operations (a, b) i = (b , a) and (a, b) 3i = (b, a ) are
represented so that the over-crossing string acts as the mark
(operating on the label of the undercrossing string) and the
crossing of the strings acts as the permutation. Note that
in Figure 6 we have illustrated the nesting of the operators
i and i (twist and reverse twist) and we find that it
will be the identity operator just so long as a = a for any a.
a b
ab ab
a b
a b a b
b ba
~
a
Thus need
a = a.
Fig. 6. Representing imaginary marks as a braiding operations.
Furthermore, we find that the following braiding axioms are
valid, as can be seen in Figure 7. These are the axioms for the
Artin Braid Group and thus we have shown that this method
constructs a representation of the Artin Braid group [20], [21].
1) σiσj = σjσi for |i− j| > 1.
2) σiσjσi = σjσiσj for |i− j| = 1.
b~
a c
c c
ca
a
b
bb a
Three strand braiding move is always
satisfied via the crossing rule.
Fig. 7. A multi-strand braiding.
Importantly, we see that these braided forms also satisfy
additional laws that are not characteristic of the braid group in
general, but are specific to the particular form of representation
we have adopted. In Figure 8, we find that doubly crossed
braids of opposite polarity are equivalent, which corresponds
to the equality
(a, b) i i = (a, b)
3
i
3
i .
Note this is a special property of this representation of the
braid group. It corresponds to the fact that i has order four.
⇠
Figure 1: Represents how two 3-braids can be equivalent.
1
a
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a
<latexit sha1_base64="0RAV9wh3wD Jv1EROqQ2IbeIS9Kw=">AAACgXicbVHLbhMxFPVMKW2HQgNddmMRKoEE0TibInV TwYZlK5G2UmYUeZybjhU/RrYnNLL8H3wXO34G4UmiqLRcydbROefa91E1gluX5 7+TdOfZ7vO9/YPsxeHLV0e912+urW4NgxHTQpvbiloQXMHIcSfgtjFAZSXgppp/ 7fSbBRjLtfrulg2Ukt4pPuOMukhNej8LBT+YlpKqqS+Y0daGMSn9aVbISt/7YrG 652AUJo0r6gdkbVoB2VobbjVQtjUgqaujr6mpclr6KvRJ2DpDKBZd7vbZEJmPI cvWBXga4aTXzwf5KvBTQDagjzZxOen9KqaatRKUY4JaOyZ540pPjeNMQMiK1kJD 2ZzewThCRSXY0q8mGPBpZKZ4pk08yuEV+zDDU2ntUlbR2XVmH2sd+T9t3LrZ59J z1bQOFFt/NGsFdhp368BTboA5sYyAMsNjrZjV1FDm4tK6IZDHLT8F18MByQfkat i/+LIZxz46QW/Re0TQGbpA39AlGiGG/iTvkk/JIN1JP6R5Olxb02STc4z+ifT8 L96xxZo=</latexit><latexit sha1_base64="0RAV9wh3wD Jv1EROqQ2IbeIS9Kw=">AAACgXicbVHLbhMxFPVMKW2HQgNddmMRKoEE0TibInV TwYZlK5G2UmYUeZybjhU/RrYnNLL8H3wXO34G4UmiqLRcydbROefa91E1gluX5 7+TdOfZ7vO9/YPsxeHLV0e912+urW4NgxHTQpvbiloQXMHIcSfgtjFAZSXgppp/ 7fSbBRjLtfrulg2Ukt4pPuOMukhNej8LBT+YlpKqqS+Y0daGMSn9aVbISt/7YrG 652AUJo0r6gdkbVoB2VobbjVQtjUgqaujr6mpclr6KvRJ2DpDKBZd7vbZEJmPI cvWBXga4aTXzwf5KvBTQDagjzZxOen9KqaatRKUY4JaOyZ540pPjeNMQMiK1kJD 2ZzewThCRSXY0q8mGPBpZKZ4pk08yuEV+zDDU2ntUlbR2XVmH2sd+T9t3LrZ59J z1bQOFFt/NGsFdhp368BTboA5sYyAMsNjrZjV1FDm4tK6IZDHLT8F18MByQfkat i/+LIZxz46QW/Re0TQGbpA39AlGiGG/iTvkk/JIN1JP6R5Olxb02STc4z+ifT8 L96xxZo=</latexit><latexit sha1_base64="0RAV9wh3wD Jv1EROqQ2IbeIS9Kw=">AAACgXicbVHLbhMxFPVMKW2HQgNddmMRKoEE0TibInV TwYZlK5G2UmYUeZybjhU/RrYnNLL8H3wXO34G4UmiqLRcydbROefa91E1gluX5 7+TdOfZ7vO9/YPsxeHLV0e912+urW4NgxHTQpvbiloQXMHIcSfgtjFAZSXgppp/ 7fSbBRjLtfrulg2Ukt4pPuOMukhNej8LBT+YlpKqqS+Y0daGMSn9aVbISt/7YrG 652AUJo0r6gdkbVoB2VobbjVQtjUgqaujr6mpclr6KvRJ2DpDKBZd7vbZEJmPI cvWBXga4aTXzwf5KvBTQDagjzZxOen9KqaatRKUY4JaOyZ540pPjeNMQMiK1kJD 2ZzewThCRSXY0q8mGPBpZKZ4pk08yuEV+zDDU2ntUlbR2XVmH2sd+T9t3LrZ59J z1bQOFFt/NGsFdhp368BTboA5sYyAMsNjrZjV1FDm4tK6IZDHLT8F18MByQfkat i/+LIZxz46QW/Re0TQGbpA39AlGiGG/iTvkk/JIN1JP6R5Olxb02STc4z+ifT8 L96xxZo=</latexit><latexit sha1_base64="0RAV9wh3wD Jv1EROqQ2IbeIS9Kw=">AAACgXicbVHLbhMxFPVMKW2HQgNddmMRKoEE0TibInV TwYZlK5G2UmYUeZybjhU/RrYnNLL8H3wXO34G4UmiqLRcydbROefa91E1gluX5 7+TdOfZ7vO9/YPsxeHLV0e912+urW4NgxHTQpvbiloQXMHIcSfgtjFAZSXgppp/ 7fSbBRjLtfrulg2Ukt4pPuOMukhNej8LBT+YlpKqqS+Y0daGMSn9aVbISt/7YrG 652AUJo0r6gdkbVoB2VobbjVQtjUgqaujr6mpclr6KvRJ2DpDKBZd7vbZEJmPI cvWBXga4aTXzwf5KvBTQDagjzZxOen9KqaatRKUY4JaOyZ540pPjeNMQMiK1kJD 2ZzewThCRSXY0q8mGPBpZKZ4pk08yuEV+zDDU2ntUlbR2XVmH2sd+T9t3LrZ59J z1bQOFFt/NGsFdhp368BTboA5sYyAMsNjrZjV1FDm4tK6IZDHLT8F18MByQfkat i/+LIZxz46QW/Re0TQGbpA39AlGiGG/iTvkk/JIN1JP6R5Olxb02STc4z+ifT8 L96xxZo=</latexit>
b
<latexit sha1_base64="g8uL+QdUPF s4pLbCjzGOB0dtw9I=">AAACgXicbVHLbhMxFPVMeZTh0QBLNhahEkgQjbMBqZs KNiyLRNpKmVHkcW46VvwY2XdCo5H/g+9ix88gPEkUlZYr2To651z7PqpGSY95/ jtJD+7df/Dw8FH2+MnTZ0eD5y/OvW2dgImwyrrLintQ0sAEJSq4bBxwXSm4qJZf ev1iBc5La77juoFS8ysjF1JwjNRs8LMw8ENYrbmZd4Vw1vswZWV3nBW6stddsdr cS3CGsgaL+gZZu1ZBttXGew2Mbx1ojnX0NTU3aHVXhSELe2cIxarP3T8bIvM+Z Nm2gOjOstlgmI/yTdC7gO3AkOzibDb4VcytaDUYFIp7P2V5g2XHHUqhIGRF66Hh YsmvYBqh4Rp82W0mGOhxZOZ0YV08BumGvZnRce39WlfR2Xfmb2s9+T9t2uLiU9l J07QIRmw/WrSKoqX9OuhcOhCo1hFw4WSslYqaOy4wLq0fArvd8l1wPh6xfMS+jY enn3fjOCSvyGvyljDykZySr+SMTIggf5I3yYdklB6k79I8HW+tabLLeUn+ifTk L+A4xZs=</latexit><latexit sha1_base64="g8uL+QdUPF s4pLbCjzGOB0dtw9I=">AAACgXicbVHLbhMxFPVMeZTh0QBLNhahEkgQjbMBqZs KNiyLRNpKmVHkcW46VvwY2XdCo5H/g+9ix88gPEkUlZYr2To651z7PqpGSY95/ jtJD+7df/Dw8FH2+MnTZ0eD5y/OvW2dgImwyrrLintQ0sAEJSq4bBxwXSm4qJZf ev1iBc5La77juoFS8ysjF1JwjNRs8LMw8ENYrbmZd4Vw1vswZWV3nBW6stddsdr cS3CGsgaL+gZZu1ZBttXGew2Mbx1ojnX0NTU3aHVXhSELe2cIxarP3T8bIvM+Z Nm2gOjOstlgmI/yTdC7gO3AkOzibDb4VcytaDUYFIp7P2V5g2XHHUqhIGRF66Hh YsmvYBqh4Rp82W0mGOhxZOZ0YV08BumGvZnRce39WlfR2Xfmb2s9+T9t2uLiU9l J07QIRmw/WrSKoqX9OuhcOhCo1hFw4WSslYqaOy4wLq0fArvd8l1wPh6xfMS+jY enn3fjOCSvyGvyljDykZySr+SMTIggf5I3yYdklB6k79I8HW+tabLLeUn+ifTk L+A4xZs=</latexit><latexit sha1_base64="g8uL+QdUPF s4pLbCjzGOB0dtw9I=">AAACgXicbVHLbhMxFPVMeZTh0QBLNhahEkgQjbMBqZs KNiyLRNpKmVHkcW46VvwY2XdCo5H/g+9ix88gPEkUlZYr2To651z7PqpGSY95/ jtJD+7df/Dw8FH2+MnTZ0eD5y/OvW2dgImwyrrLintQ0sAEJSq4bBxwXSm4qJZf ev1iBc5La77juoFS8ysjF1JwjNRs8LMw8ENYrbmZd4Vw1vswZWV3nBW6stddsdr cS3CGsgaL+gZZu1ZBttXGew2Mbx1ojnX0NTU3aHVXhSELe2cIxarP3T8bIvM+Z Nm2gOjOstlgmI/yTdC7gO3AkOzibDb4VcytaDUYFIp7P2V5g2XHHUqhIGRF66Hh YsmvYBqh4Rp82W0mGOhxZOZ0YV08BumGvZnRce39WlfR2Xfmb2s9+T9t2uLiU9l J07QIRmw/WrSKoqX9OuhcOhCo1hFw4WSslYqaOy4wLq0fArvd8l1wPh6xfMS+jY enn3fjOCSvyGvyljDykZySr+SMTIggf5I3yYdklB6k79I8HW+tabLLeUn+ifTk L+A4xZs=</latexit><latexit sha1_base64="g8uL+QdUPF s4pLbCjzGOB0dtw9I=">AAACgXicbVHLbhMxFPVMeZTh0QBLNhahEkgQjbMBqZs KNiyLRNpKmVHkcW46VvwY2XdCo5H/g+9ix88gPEkUlZYr2To651z7PqpGSY95/ jtJD+7df/Dw8FH2+MnTZ0eD5y/OvW2dgImwyrrLintQ0sAEJSq4bBxwXSm4qJZf ev1iBc5La77juoFS8ysjF1JwjNRs8LMw8ENYrbmZd4Vw1vswZWV3nBW6stddsdr cS3CGsgaL+gZZu1ZBttXGew2Mbx1ojnX0NTU3aHVXhSELe2cIxarP3T8bIvM+Z Nm2gOjOstlgmI/yTdC7gO3AkOzibDb4VcytaDUYFIp7P2V5g2XHHUqhIGRF66Hh YsmvYBqh4Rp82W0mGOhxZOZ0YV08BumGvZnRce39WlfR2Xfmb2s9+T9t2uLiU9l J07QIRmw/WrSKoqX9OuhcOhCo1hFw4WSslYqaOy4wLq0fArvd8l1wPh6xfMS+jY enn3fjOCSvyGvyljDykZySr+SMTIggf5I3yYdklB6k79I8HW+tabLLeUn+ifTk L+A4xZs=</latexit>
a
<latexit sha1_base64="m/BZd0+Quu qXyKXYHCu9QuaDknE=">AAACg3icbVFdixMxFM2Mrq7jx1Z99CVYKoJSJ0XQF2H RFx9XsLsLnaFk0tud0HwMyZ1qGfJH/Fm++W/MtKWsu15IOJxzbnI/qkZJj3n+J 0nv3D26d//4Qfbw0eMnJ4Onz869bZ2AqbDKusuKe1DSwBQlKrhsHHBdKbioVl96 /WINzktrvuOmgVLzKyOXUnCM1HzwqzDwQ1ituVl0hXDW+zBjZTfKCl3Zn12x3t4 rcIayBov6Glm7VkG20yYHDYxvHWiOdfQ1NTdodVeFIQsHZwjFus89PBsi8zZk2 WhXQbRnPJsPhvk43wa9DdgeDMk+zuaD38XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hoGOIrOgS+viMUi37PWMjmvvN7qKzr43f1Pryf9psxaXH8t OmqZFMGL30bJVFC3tF0IX0oFAtYmACydjrVTU3HGBcW39ENjNlm+D88mY5WP2bT I8/bwfxzF5QV6S14SRD+SUfCVnZEpEQpJXybskT4/SN+kkfb+zpsk+5zn5J9JP fwE9FcU2</latexit><latexit sha1_base64="m/BZd0+Quu qXyKXYHCu9QuaDknE=">AAACg3icbVFdixMxFM2Mrq7jx1Z99CVYKoJSJ0XQF2H RFx9XsLsLnaFk0tud0HwMyZ1qGfJH/Fm++W/MtKWsu15IOJxzbnI/qkZJj3n+J 0nv3D26d//4Qfbw0eMnJ4Onz869bZ2AqbDKusuKe1DSwBQlKrhsHHBdKbioVl96 /WINzktrvuOmgVLzKyOXUnCM1HzwqzDwQ1ituVl0hXDW+zBjZTfKCl3Zn12x3t4 rcIayBov6Glm7VkG20yYHDYxvHWiOdfQ1NTdodVeFIQsHZwjFus89PBsi8zZk2 WhXQbRnPJsPhvk43wa9DdgeDMk+zuaD38XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hoGOIrOgS+viMUi37PWMjmvvN7qKzr43f1Pryf9psxaXH8t OmqZFMGL30bJVFC3tF0IX0oFAtYmACydjrVTU3HGBcW39ENjNlm+D88mY5WP2bT I8/bwfxzF5QV6S14SRD+SUfCVnZEpEQpJXybskT4/SN+kkfb+zpsk+5zn5J9JP fwE9FcU2</latexit><latexit sha1_base64="m/BZd0+Quu qXyKXYHCu9QuaDknE=">AAACg3icbVFdixMxFM2Mrq7jx1Z99CVYKoJSJ0XQF2H RFx9XsLsLnaFk0tud0HwMyZ1qGfJH/Fm++W/MtKWsu15IOJxzbnI/qkZJj3n+J 0nv3D26d//4Qfbw0eMnJ4Onz869bZ2AqbDKusuKe1DSwBQlKrhsHHBdKbioVl96 /WINzktrvuOmgVLzKyOXUnCM1HzwqzDwQ1ituVl0hXDW+zBjZTfKCl3Zn12x3t4 rcIayBov6Glm7VkG20yYHDYxvHWiOdfQ1NTdodVeFIQsHZwjFus89PBsi8zZk2 WhXQbRnPJsPhvk43wa9DdgeDMk+zuaD38XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hoGOIrOgS+viMUi37PWMjmvvN7qKzr43f1Pryf9psxaXH8t OmqZFMGL30bJVFC3tF0IX0oFAtYmACydjrVTU3HGBcW39ENjNlm+D88mY5WP2bT I8/bwfxzF5QV6S14SRD+SUfCVnZEpEQpJXybskT4/SN+kkfb+zpsk+5zn5J9JP fwE9FcU2</latexit><latexit sha1_base64="m/BZd0+Quu qXyKXYHCu9QuaDknE=">AAACg3icbVFdixMxFM2Mrq7jx1Z99CVYKoJSJ0XQF2H RFx9XsLsLnaFk0tud0HwMyZ1qGfJH/Fm++W/MtKWsu15IOJxzbnI/qkZJj3n+J 0nv3D26d//4Qfbw0eMnJ4Onz869bZ2AqbDKusuKe1DSwBQlKrhsHHBdKbioVl96 /WINzktrvuOmgVLzKyOXUnCM1HzwqzDwQ1ituVl0hXDW+zBjZTfKCl3Zn12x3t4 rcIayBov6Glm7VkG20yYHDYxvHWiOdfQ1NTdodVeFIQsHZwjFus89PBsi8zZk2 WhXQbRnPJsPhvk43wa9DdgeDMk+zuaD38XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hoGOIrOgS+viMUi37PWMjmvvN7qKzr43f1Pryf9psxaXH8t OmqZFMGL30bJVFC3tF0IX0oFAtYmACydjrVTU3HGBcW39ENjNlm+D88mY5WP2bT I8/bwfxzF5QV6S14SRD+SUfCVnZEpEQpJXybskT4/SN+kkfb+zpsk+5zn5J9JP fwE9FcU2</latexit>
b
<latexit sha1_base64="W/NZrSYX14 KjkscGbto6NBn9b1k=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFiw q2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf 3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0Jx72csb7DsuEMpFISsaD00 XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r/qbWk//TZi0uP5S dNE2LYMTuo2WrKFra74MupAOBahMBF07GWqmoueMC49ayOAR2s+Xb4HwyZvmYfZ 0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on0 41/8icYi</latexit><latexit sha1_base64="W/NZrSYX14 KjkscGbto6NBn9b1k=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFiw q2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf 3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0Jx72csb7DsuEMpFISsaD00 XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r/qbWk//TZi0uP5S dNE2LYMTuo2WrKFra74MupAOBahMBF07GWqmoueMC49ayOAR2s+Xb4HwyZvmYfZ 0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on0 41/8icYi</latexit><latexit sha1_base64="W/NZrSYX14 KjkscGbto6NBn9b1k=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFiw q2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf 3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0Jx72csb7DsuEMpFISsaD00 XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r/qbWk//TZi0uP5S dNE2LYMTuo2WrKFra74MupAOBahMBF07GWqmoueMC49ayOAR2s+Xb4HwyZvmYfZ 0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on0 41/8icYi</latexit><latexit sha1_base64="W/NZrSYX14 KjkscGbto6NBn9b1k=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFiw q2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf 3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0Jx72csb7DsuEMpFISsaD00 XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r/qbWk//TZi0uP5S dNE2LYMTuo2WrKFra74MupAOBahMBF07GWqmoueMC49ayOAR2s+Xb4HwyZvmYfZ 0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on0 41/8icYi</latexit>
a
<latexit sha1_base64="m/BZd0+Quu qXyKXYHCu9QuaDknE=">AAACg3icbVFdixMxFM2Mrq7jx1Z99CVYKoJSJ0XQF2H RFx9XsLsLnaFk0tud0HwMyZ1qGfJH/Fm++W/MtKWsu15IOJxzbnI/qkZJj3n+J 0nv3D26d//4Qfbw0eMnJ4Onz869bZ2AqbDKusuKe1DSwBQlKrhsHHBdKbioVl96 /WINzktrvuOmgVLzKyOXUnCM1HzwqzDwQ1ituVl0hXDW+zBjZTfKCl3Zn12x3t4 rcIayBov6Glm7VkG20yYHDYxvHWiOdfQ1NTdodVeFIQsHZwjFus89PBsi8zZk2 WhXQbRnPJsPhvk43wa9DdgeDMk+zuaD38XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hoGOIrOgS+viMUi37PWMjmvvN7qKzr43f1Pryf9psxaXH8t OmqZFMGL30bJVFC3tF0IX0oFAtYmACydjrVTU3HGBcW39ENjNlm+D88mY5WP2bT I8/bwfxzF5QV6S14SRD+SUfCVnZEpEQpJXybskT4/SN+kkfb+zpsk+5zn5J9JP fwE9FcU2</latexit><latexit sha1_base64="m/BZd0+Quu qXyKXYHCu9QuaDknE=">AAACg3icbVFdixMxFM2Mrq7jx1Z99CVYKoJSJ0XQF2H RFx9XsLsLnaFk0tud0HwMyZ1qGfJH/Fm++W/MtKWsu15IOJxzbnI/qkZJj3n+J 0nv3D26d//4Qfbw0eMnJ4Onz869bZ2AqbDKusuKe1DSwBQlKrhsHHBdKbioVl96 /WINzktrvuOmgVLzKyOXUnCM1HzwqzDwQ1ituVl0hXDW+zBjZTfKCl3Zn12x3t4 rcIayBov6Glm7VkG20yYHDYxvHWiOdfQ1NTdodVeFIQsHZwjFus89PBsi8zZk2 WhXQbRnPJsPhvk43wa9DdgeDMk+zuaD38XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hoGOIrOgS+viMUi37PWMjmvvN7qKzr43f1Pryf9psxaXH8t OmqZFMGL30bJVFC3tF0IX0oFAtYmACydjrVTU3HGBcW39ENjNlm+D88mY5WP2bT I8/bwfxzF5QV6S14SRD+SUfCVnZEpEQpJXybskT4/SN+kkfb+zpsk+5zn5J9JP fwE9FcU2</latexit><latexit sha1_base64="m/BZd0+Quu qXyKXYHCu9QuaDknE=">AAACg3icbVFdixMxFM2Mrq7jx1Z99CVYKoJSJ0XQF2H RFx9XsLsLnaFk0tud0HwMyZ1qGfJH/Fm++W/MtKWsu15IOJxzbnI/qkZJj3n+J 0nv3D26d//4Qfbw0eMnJ4Onz869bZ2AqbDKusuKe1DSwBQlKrhsHHBdKbioVl96 /WINzktrvuOmgVLzKyOXUnCM1HzwqzDwQ1ituVl0hXDW+zBjZTfKCl3Zn12x3t4 rcIayBov6Glm7VkG20yYHDYxvHWiOdfQ1NTdodVeFIQsHZwjFus89PBsi8zZk2 WhXQbRnPJsPhvk43wa9DdgeDMk+zuaD38XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hoGOIrOgS+viMUi37PWMjmvvN7qKzr43f1Pryf9psxaXH8t OmqZFMGL30bJVFC3tF0IX0oFAtYmACydjrVTU3HGBcW39ENjNlm+D88mY5WP2bT I8/bwfxzF5QV6S14SRD+SUfCVnZEpEQpJXybskT4/SN+kkfb+zpsk+5zn5J9JP fwE9FcU2</latexit><latexit sha1_base64="m/BZd0+Quu qXyKXYHCu9QuaDknE=">AAACg3icbVFdixMxFM2Mrq7jx1Z99CVYKoJSJ0XQF2H RFx9XsLsLnaFk0tud0HwMyZ1qGfJH/Fm++W/MtKWsu15IOJxzbnI/qkZJj3n+J 0nv3D26d//4Qfbw0eMnJ4Onz869bZ2AqbDKusuKe1DSwBQlKrhsHHBdKbioVl96 /WINzktrvuOmgVLzKyOXUnCM1HzwqzDwQ1ituVl0hXDW+zBjZTfKCl3Zn12x3t4 rcIayBov6Glm7VkG20yYHDYxvHWiOdfQ1NTdodVeFIQsHZwjFus89PBsi8zZk2 WhXQbRnPJsPhvk43wa9DdgeDMk+zuaD38XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hoGOIrOgS+viMUi37PWMjmvvN7qKzr43f1Pryf9psxaXH8t OmqZFMGL30bJVFC3tF0IX0oFAtYmACydjrVTU3HGBcW39ENjNlm+D88mY5WP2bT I8/bwfxzF5QV6S14SRD+SUfCVnZEpEQpJXybskT4/SN+kkfb+zpsk+5zn5J9JP fwE9FcU2</latexit>
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<latexit sha1_base64="W/NZrSYX14 KjkscGbto6NBn9b1k=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFiw q2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf 3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0Jx72csb7DsuEMpFISsaD00 XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r/qbWk//TZi0uP5S dNE2LYMTuo2WrKFra74MupAOBahMBF07GWqmoueMC49ayOAR2s+Xb4HwyZvmYfZ 0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on0 41/8icYi</latexit><latexit sha1_base64="W/NZrSYX14 KjkscGbto6NBn9b1k=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFiw q2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf 3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0Jx72csb7DsuEMpFISsaD00 XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r/qbWk//TZi0uP5S dNE2LYMTuo2WrKFra74MupAOBahMBF07GWqmoueMC49ayOAR2s+Xb4HwyZvmYfZ 0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on0 41/8icYi</latexit><latexit sha1_base64="W/NZrSYX14 KjkscGbto6NBn9b1k=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFiw q2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf 3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0Jx72csb7DsuEMpFISsaD00 XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r/qbWk//TZi0uP5S dNE2LYMTuo2WrKFra74MupAOBahMBF07GWqmoueMC49ayOAR2s+Xb4HwyZvmYfZ 0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on0 41/8icYi</latexit><latexit sha1_base64="W/NZrSYX14 KjkscGbto6NBn9b1k=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFiw q2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf 3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0Jx72csb7DsuEMpFISsaD00 XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r/qbWk//TZi0uP5S dNE2LYMTuo2WrKFra74MupAOBahMBF07GWqmoueMC49ayOAR2s+Xb4HwyZvmYfZ 0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on0 41/8icYi</latexit>
Fig. 8. Doubly crossed braids of opposite polarity are equivalent.
In Figure 9, we prove that a quadruple braiding is equivalent
to the identity braid. Note that in the second braid we
have applied the relation in Figure 8 within the dashed box,
replacing two twists with reverse twists.
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a
<latexit sha1_base64=" wQXqmYuycjIZ7vwP1gdzzaFZSy4=">AAACknicbVHLa hsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEP IPRyNcZYT0GSePWDPqg/k53/Zto7MGkSS5IOpxzrqR7 b1EJbl2a/oviJztPn+3uPU9evHz1er/35u2l1bVhMGZ aaHNdUAuCKxg77gRcVwaoLARcFYvTVr9agrFcqwu3qiC X9EbxOWfUBWra+5Mp+MW0lFTNmowZba2fkLwZJJks9O 8mW673BRiFSeWy8g5ZmlpAstFGWw2UrQ1I6srgq0qqn JZN4fvEb53eZ8s2d3utD8wnnySDzQ+CPelQd1Dvp71+O kzXgR8C0oE+6uJ82vubzTSrJSjHBLV2QtLK5Q01jjMB 4YXaQkXZgt7AJEBFJdi8WbfU40FgZniuTVjK4TV7N6O h0tqVLIKzLdXe11ryMW1Su/lh3nBV1Q4U2zw0rwV2Grf zwTNugDmxCoAyw8NfMSupocyFKSahCeR+yQ/B5WhI0i H5OeqffO/asYc+oAP0ERH0BZ2gM3SOxohF+9Hn6Dj6G r+Pj+Jv8enGGkddzjv0X8Q/bgGx6sy+</latexit><latexit sha1_base64=" wQXqmYuycjIZ7vwP1gdzzaFZSy4=">AAACknicbVHLa hsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEP IPRyNcZYT0GSePWDPqg/k53/Zto7MGkSS5IOpxzrqR7 b1EJbl2a/oviJztPn+3uPU9evHz1er/35u2l1bVhMGZ aaHNdUAuCKxg77gRcVwaoLARcFYvTVr9agrFcqwu3qiC X9EbxOWfUBWra+5Mp+MW0lFTNmowZba2fkLwZJJks9O 8mW673BRiFSeWy8g5ZmlpAstFGWw2UrQ1I6srgq0qqn JZN4fvEb53eZ8s2d3utD8wnnySDzQ+CPelQd1Dvp71+O kzXgR8C0oE+6uJ82vubzTSrJSjHBLV2QtLK5Q01jjMB 4YXaQkXZgt7AJEBFJdi8WbfU40FgZniuTVjK4TV7N6O h0tqVLIKzLdXe11ryMW1Su/lh3nBV1Q4U2zw0rwV2Grf zwTNugDmxCoAyw8NfMSupocyFKSahCeR+yQ/B5WhI0i H5OeqffO/asYc+oAP0ERH0BZ2gM3SOxohF+9Hn6Dj6G r+Pj+Jv8enGGkddzjv0X8Q/bgGx6sy+</latexit><latexit sha1_base64=" wQXqmYuycjIZ7vwP1gdzzaFZSy4=">AAACknicbVHLa hsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEP IPRyNcZYT0GSePWDPqg/k53/Zto7MGkSS5IOpxzrqR7 b1EJbl2a/oviJztPn+3uPU9evHz1er/35u2l1bVhMGZ aaHNdUAuCKxg77gRcVwaoLARcFYvTVr9agrFcqwu3qiC X9EbxOWfUBWra+5Mp+MW0lFTNmowZba2fkLwZJJks9O 8mW673BRiFSeWy8g5ZmlpAstFGWw2UrQ1I6srgq0qqn JZN4fvEb53eZ8s2d3utD8wnnySDzQ+CPelQd1Dvp71+O kzXgR8C0oE+6uJ82vubzTSrJSjHBLV2QtLK5Q01jjMB 4YXaQkXZgt7AJEBFJdi8WbfU40FgZniuTVjK4TV7N6O h0tqVLIKzLdXe11ryMW1Su/lh3nBV1Q4U2zw0rwV2Grf zwTNugDmxCoAyw8NfMSupocyFKSahCeR+yQ/B5WhI0i H5OeqffO/asYc+oAP0ERH0BZ2gM3SOxohF+9Hn6Dj6G r+Pj+Jv8enGGkddzjv0X8Q/bgGx6sy+</latexit><latexit sha1_base64=" wQXqmYuycjIZ7vwP1gdzzaFZSy4=">AAACknicbVHLa hsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEP IPRyNcZYT0GSePWDPqg/k53/Zto7MGkSS5IOpxzrqR7 b1EJbl2a/oviJztPn+3uPU9evHz1er/35u2l1bVhMGZ aaHNdUAuCKxg77gRcVwaoLARcFYvTVr9agrFcqwu3qiC X9EbxOWfUBWra+5Mp+MW0lFTNmowZba2fkLwZJJks9O 8mW673BRiFSeWy8g5ZmlpAstFGWw2UrQ1I6srgq0qqn JZN4fvEb53eZ8s2d3utD8wnnySDzQ+CPelQd1Dvp71+O kzXgR8C0oE+6uJ82vubzTSrJSjHBLV2QtLK5Q01jjMB 4YXaQkXZgt7AJEBFJdi8WbfU40FgZniuTVjK4TV7N6O h0tqVLIKzLdXe11ryMW1Su/lh3nBV1Q4U2zw0rwV2Grf zwTNugDmxCoAyw8NfMSupocyFKSahCeR+yQ/B5WhI0i H5OeqffO/asYc+oAP0ERH0BZ2gM3SOxohF+9Hn6Dj6G r+Pj+Jv8enGGkddzjv0X8Q/bgGx6sy+</latexit>
b
<latexit sha1_base64=" PVXMvJN3jmDAUNdkq9tDiit8Y6s=">AAACknicbVHLa hsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEP IPRyNcZYT0GSePWDPqg/k53/Zto7MGkSS5IHM45V/eh ohLcujT9F8VPdp4+2917nrx4+er1fu/N20ura8NgzLT Q5rqgFgRXMHbcCbiuDFBZCLgqFqetfrUEY7lWF25VQS7 pjeJzzqgL1LT3J1Pwi2kpqZo1GTPaWj8heTNIMlno30 22XN8LMAqTymXlHbI0tYBko422GihbG5DUlcFXlVQ5L ZvC94nfOr3Plm3u9lkfmE8+SQabDoI96dCW8NNePx2m6 8APAelAH3VxPu39zWaa1RKUY4JaOyFp5fKGGseZgFCh tlBRtqA3MAlQUQk2b9Yr9XgQmBmeaxOOcnjN3s1oqLR 2JYvgbEe197WWfEyb1G5+mDdcVbUDxTaF5rXATuP2f/C MG2BOrAKgzPDQK2YlNZS58ItJWAK5P/JDcDkaknRIfo 76J9+7deyhD+gAfUQEfUEn6AydozFi0X70OTqOvsbv4 6P4W3y6scZRl/MO/Rfxj1uzcMy/</latexit><latexit sha1_base64=" PVXMvJN3jmDAUNdkq9tDiit8Y6s=">AAACknicbVHLa hsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEP IPRyNcZYT0GSePWDPqg/k53/Zto7MGkSS5IHM45V/eh ohLcujT9F8VPdp4+2917nrx4+er1fu/N20ura8NgzLT Q5rqgFgRXMHbcCbiuDFBZCLgqFqetfrUEY7lWF25VQS7 pjeJzzqgL1LT3J1Pwi2kpqZo1GTPaWj8heTNIMlno30 22XN8LMAqTymXlHbI0tYBko422GihbG5DUlcFXlVQ5L ZvC94nfOr3Plm3u9lkfmE8+SQabDoI96dCW8NNePx2m6 8APAelAH3VxPu39zWaa1RKUY4JaOyFp5fKGGseZgFCh tlBRtqA3MAlQUQk2b9Yr9XgQmBmeaxOOcnjN3s1oqLR 2JYvgbEe197WWfEyb1G5+mDdcVbUDxTaF5rXATuP2f/C MG2BOrAKgzPDQK2YlNZS58ItJWAK5P/JDcDkaknRIfo 76J9+7deyhD+gAfUQEfUEn6AydozFi0X70OTqOvsbv4 6P4W3y6scZRl/MO/Rfxj1uzcMy/</latexit><latexit sha1_base64=" PVXMvJN3jmDAUNdkq9tDiit8Y6s=">AAACknicbVHLa hsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEP IPRyNcZYT0GSePWDPqg/k53/Zto7MGkSS5IHM45V/eh ohLcujT9F8VPdp4+2917nrx4+er1fu/N20ura8NgzLT Q5rqgFgRXMHbcCbiuDFBZCLgqFqetfrUEY7lWF25VQS7 pjeJzzqgL1LT3J1Pwi2kpqZo1GTPaWj8heTNIMlno30 22XN8LMAqTymXlHbI0tYBko422GihbG5DUlcFXlVQ5L ZvC94nfOr3Plm3u9lkfmE8+SQabDoI96dCW8NNePx2m6 8APAelAH3VxPu39zWaa1RKUY4JaOyFp5fKGGseZgFCh tlBRtqA3MAlQUQk2b9Yr9XgQmBmeaxOOcnjN3s1oqLR 2JYvgbEe197WWfEyb1G5+mDdcVbUDxTaF5rXATuP2f/C MG2BOrAKgzPDQK2YlNZS58ItJWAK5P/JDcDkaknRIfo 76J9+7deyhD+gAfUQEfUEn6AydozFi0X70OTqOvsbv4 6P4W3y6scZRl/MO/Rfxj1uzcMy/</latexit><latexit sha1_base64=" PVXMvJN3jmDAUNdkq9tDiit8Y6s=">AAACknicbVHLa hsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEP IPRyNcZYT0GSePWDPqg/k53/Zto7MGkSS5IHM45V/eh ohLcujT9F8VPdp4+2917nrx4+er1fu/N20ura8NgzLT Q5rqgFgRXMHbcCbiuDFBZCLgqFqetfrUEY7lWF25VQS7 pjeJzzqgL1LT3J1Pwi2kpqZo1GTPaWj8heTNIMlno30 22XN8LMAqTymXlHbI0tYBko422GihbG5DUlcFXlVQ5L ZvC94nfOr3Plm3u9lkfmE8+SQabDoI96dCW8NNePx2m6 8APAelAH3VxPu39zWaa1RKUY4JaOyFp5fKGGseZgFCh tlBRtqA3MAlQUQk2b9Yr9XgQmBmeaxOOcnjN3s1oqLR 2JYvgbEe197WWfEyb1G5+mDdcVbUDxTaF5rXATuP2f/C MG2BOrAKgzPDQK2YlNZS58ItJWAK5P/JDcDkaknRIfo 76J9+7deyhD+gAfUQEfUEn6AydozFi0X70OTqOvsbv4 6P4W3y6scZRl/MO/Rfxj1uzcMy/</latexit>
b
<latexit sha1_base64="W/NZrSYX14KjkscGbto6NBn9b1k=">AAACgnicbVHLbhMxFPU MBcrwaIAlG4soEkIojMMCFiwq2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwd cVwouqtXnXr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJWTbaVRD tWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0Jx72csb7DsuEMpFISsaD00XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r/qbWk//TZi0uP5SdNE2LYMTuo2WrKFra74M upAOBahMBF07GWqmoueMC49ayOAR2s+Xb4HwyZvmYfZ0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on041/8icYi</latexit><latexit sha1_base64="W/NZrSYX14KjkscGbto6NBn9b1k=">AAACgnicbVHLbhMxFPU MBcrwaIAlG4soEkIojMMCFiwq2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwd cVwouqtXnXr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJWTbaVRD tWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0Jx72csb7DsuEMpFISsaD00XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r/qbWk//TZi0uP5SdNE2LYMTuo2WrKFra74M upAOBahMBF07GWqmoueMC49ayOAR2s+Xb4HwyZvmYfZ0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on041/8icYi</latexit><latexit sha1_base64="W/NZrSYX14KjkscGbto6NBn9b1k=">AAACgnicbVHLbhMxFPU MBcrwaIAlG4soEkIojMMCFiwq2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwd cVwouqtXnXr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJWTbaVRD tWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0Jx72csb7DsuEMpFISsaD00XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r/qbWk//TZi0uP5SdNE2LYMTuo2WrKFra74M upAOBahMBF07GWqmoueMC49ayOAR2s+Xb4HwyZvmYfZ0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on041/8icYi</latexit><latexit sha1_base64="W/NZrSYX14KjkscGbto6NBn9b1k=">AAACgnicbVHLbhMxFPU MBcrwaIAlG4soEkIojMMCFiwq2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwd cVwouqtXnXr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJWTbaVRD tWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0Jx72csb7DsuEMpFISsaD00XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r/qbWk//TZi0uP5SdNE2LYMTuo2WrKFra74M upAOBahMBF07GWqmoueMC49ayOAR2s+Xb4HwyZvmYfZ0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on041/8icYi</latexit>
a
<latexit sha1_base64="k/6fcwRoIU Vb+xtIGJmVTE8LyI0=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFi wq2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrL f3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtGZ8Phvk43wa9DdgeDMk+zuaDX8XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hIGOIrOgS+viMUi37PWMjmvvN7qKzr41f1Pryf9psxaXH8 pOmqZFMGL30bJVFC3t90EX0oFAtYmACydjrVTU3HGBcWtZHAK72fJtcD4Zs3zMv k6Gp5/24zgmL8hL8oow8p6cki/kjEyJIH+SUTJO3qZH6euUpe921jTZ5zwn/0T6 8S/7BcYh</latexit><latexit sha1_base64="k/6fcwRoIU Vb+xtIGJmVTE8LyI0=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFi wq2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrL f3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtGZ8Phvk43wa9DdgeDMk+zuaDX8XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hIGOIrOgS+viMUi37PWMjmvvN7qKzr41f1Pryf9psxaXH8 pOmqZFMGL30bJVFC3t90EX0oFAtYmACydjrVTU3HGBcWtZHAK72fJtcD4Zs3zMv k6Gp5/24zgmL8hL8oow8p6cki/kjEyJIH+SUTJO3qZH6euUpe921jTZ5zwn/0T6 8S/7BcYh</latexit><latexit sha1_base64="k/6fcwRoIU Vb+xtIGJmVTE8LyI0=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFi wq2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrL f3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtGZ8Phvk43wa9DdgeDMk+zuaDX8XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hIGOIrOgS+viMUi37PWMjmvvN7qKzr41f1Pryf9psxaXH8 pOmqZFMGL30bJVFC3t90EX0oFAtYmACydjrVTU3HGBcWtZHAK72fJtcD4Zs3zMv k6Gp5/24zgmL8hL8oow8p6cki/kjEyJIH+SUTJO3qZH6euUpe921jTZ5zwn/0T6 8S/7BcYh</latexit><latexit sha1_base64="k/6fcwRoIU Vb+xtIGJmVTE8LyI0=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFi wq2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrL f3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtGZ8Phvk43wa9DdgeDMk+zuaDX8XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hIGOIrOgS+viMUi37PWMjmvvN7qKzr41f1Pryf9psxaXH8 pOmqZFMGL30bJVFC3t90EX0oFAtYmACydjrVTU3HGBcWtZHAK72fJtcD4Zs3zMv k6Gp5/24zgmL8hL8oow8p6cki/kjEyJIH+SUTJO3qZH6euUpe921jTZ5zwn/0T6 8S/7BcYh</latexit>
b
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<latexit sha1_base64="k/6fcwRoIU Vb+xtIGJmVTE8LyI0=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFi wq2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrL f3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtGZ8Phvk43wa9DdgeDMk+zuaDX8XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hIGOIrOgS+viMUi37PWMjmvvN7qKzr41f1Pryf9psxaXH8 pOmqZFMGL30bJVFC3t90EX0oFAtYmACydjrVTU3HGBcWtZHAK72fJtcD4Zs3zMv k6Gp5/24zgmL8hL8oow8p6cki/kjEyJIH+SUTJO3qZH6euUpe921jTZ5zwn/0T6 8S/7BcYh</latexit><latexit sha1_base64="k/6fcwRoIU Vb+xtIGJmVTE8LyI0=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFi wq2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrL f3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtGZ8Phvk43wa9DdgeDMk+zuaDX8XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hIGOIrOgS+viMUi37PWMjmvvN7qKzr41f1Pryf9psxaXH8 pOmqZFMGL30bJVFC3t90EX0oFAtYmACydjrVTU3HGBcWtZHAK72fJtcD4Zs3zMv k6Gp5/24zgmL8hL8oow8p6cki/kjEyJIH+SUTJO3qZH6euUpe921jTZ5zwn/0T6 8S/7BcYh</latexit><latexit sha1_base64="k/6fcwRoIU Vb+xtIGJmVTE8LyI0=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFi wq2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrL f3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtGZ8Phvk43wa9DdgeDMk+zuaDX8XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hIGOIrOgS+viMUi37PWMjmvvN7qKzr41f1Pryf9psxaXH8 pOmqZFMGL30bJVFC3t90EX0oFAtYmACydjrVTU3HGBcWtZHAK72fJtcD4Zs3zMv k6Gp5/24zgmL8hL8oow8p6cki/kjEyJIH+SUTJO3qZH6euUpe921jTZ5zwn/0T6 8S/7BcYh</latexit><latexit sha1_base64="k/6fcwRoIU Vb+xtIGJmVTE8LyI0=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFi wq2LAsEmkrZUaRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/ 07SO0d3790/fpA9fPT4ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXn Xr9Yg/PSmm+4aaDU/MrIpRQcIzUf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrL f3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19Tc0NWt1VYcjCwRlCse5zD8+GyLwJW TbaVRDtGZ8Phvk43wa9DdgeDMk+zuaDX8XCilaDQaG49zOWN1h23KEUCkJWtB4a Llb8CmYRGq7Bl912hIGOIrOgS+viMUi37PWMjmvvN7qKzr41f1Pryf9psxaXH8 pOmqZFMGL30bJVFC3t90EX0oFAtYmACydjrVTU3HGBcWtZHAK72fJtcD4Zs3zMv k6Gp5/24zgmL8hL8oow8p6cki/kjEyJIH+SUTJO3qZH6euUpe921jTZ5zwn/0T6 8S/7BcYh</latexit>
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<latexit sha1_base64="wQXqmYuycjIZ7vwP1gdzza FZSy4=">AAACknicbVHLahsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEPIPRyNcZYT0GSePWDPqg/k 53/Zto7MGkSS5IOpxzrqR7b1EJbl2a/oviJztPn+3uPU9evHz1er/35u2l1bVhMGZaaHNdUAuCKxg77gRcVwaoL ARcFYvTVr9agrFcqwu3qiCX9EbxOWfUBWra+5Mp+MW0lFTNmowZba2fkLwZJJks9O8mW673BRiFSeWy8g5ZmlpA stFGWw2UrQ1I6srgq0qqnJZN4fvEb53eZ8s2d3utD8wnnySDzQ+CPelQd1Dvp71+OkzXgR8C0oE+6uJ82vubzT SrJSjHBLV2QtLK5Q01jjMB4YXaQkXZgt7AJEBFJdi8WbfU40FgZniuTVjK4TV7N6Oh0tqVLIKzLdXe11ryMW1Su /lh3nBV1Q4U2zw0rwV2GrfzwTNugDmxCoAyw8NfMSupocyFKSahCeR+yQ/B5WhI0iH5OeqffO/asYc+oAP0ERH0 BZ2gM3SOxohF+9Hn6Dj6Gr+Pj+Jv8enGGkddzjv0X8Q/bgGx6sy+</latexit><latexit sha1_base64="wQXqmYuycjIZ7vwP1gdzza FZSy4=">AAACknicbVHLahsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEPIPRyNcZYT0GSePWDPqg/k 53/Zto7MGkSS5IOpxzrqR7b1EJbl2a/oviJztPn+3uPU9evHz1er/35u2l1bVhMGZaaHNdUAuCKxg77gRcVwaoL ARcFYvTVr9agrFcqwu3qiCX9EbxOWfUBWra+5Mp+MW0lFTNmowZba2fkLwZJJks9O8mW673BRiFSeWy8g5ZmlpA stFGWw2UrQ1I6srgq0qqnJZN4fvEb53eZ8s2d3utD8wnnySDzQ+CPelQd1Dvp71+OkzXgR8C0oE+6uJ82vubzT SrJSjHBLV2QtLK5Q01jjMB4YXaQkXZgt7AJEBFJdi8WbfU40FgZniuTVjK4TV7N6Oh0tqVLIKzLdXe11ryMW1Su /lh3nBV1Q4U2zw0rwV2GrfzwTNugDmxCoAyw8NfMSupocyFKSahCeR+yQ/B5WhI0iH5OeqffO/asYc+oAP0ERH0 BZ2gM3SOxohF+9Hn6Dj6Gr+Pj+Jv8enGGkddzjv0X8Q/bgGx6sy+</latexit><latexit sha1_base64="wQXqmYuycjIZ7vwP1gdzza FZSy4=">AAACknicbVHLahsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEPIPRyNcZYT0GSePWDPqg/k 53/Zto7MGkSS5IOpxzrqR7b1EJbl2a/oviJztPn+3uPU9evHz1er/35u2l1bVhMGZaaHNdUAuCKxg77gRcVwaoL ARcFYvTVr9agrFcqwu3qiCX9EbxOWfUBWra+5Mp+MW0lFTNmowZba2fkLwZJJks9O8mW673BRiFSeWy8g5ZmlpA stFGWw2UrQ1I6srgq0qqnJZN4fvEb53eZ8s2d3utD8wnnySDzQ+CPelQd1Dvp71+OkzXgR8C0oE+6uJ82vubzT SrJSjHBLV2QtLK5Q01jjMB4YXaQkXZgt7AJEBFJdi8WbfU40FgZniuTVjK4TV7N6Oh0tqVLIKzLdXe11ryMW1Su /lh3nBV1Q4U2zw0rwV2GrfzwTNugDmxCoAyw8NfMSupocyFKSahCeR+yQ/B5WhI0iH5OeqffO/asYc+oAP0ERH0 BZ2gM3SOxohF+9Hn6Dj6Gr+Pj+Jv8enGGkddzjv0X8Q/bgGx6sy+</latexit><latexit sha1_base64="wQXqmYuycjIZ7vwP1gdzza FZSy4=">AAACknicbVHLahsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEPIPRyNcZYT0GSePWDPqg/k 53/Zto7MGkSS5IOpxzrqR7b1EJbl2a/oviJztPn+3uPU9evHz1er/35u2l1bVhMGZaaHNdUAuCKxg77gRcVwaoL ARcFYvTVr9agrFcqwu3qiCX9EbxOWfUBWra+5Mp+MW0lFTNmowZba2fkLwZJJks9O8mW673BRiFSeWy8g5ZmlpA stFGWw2UrQ1I6srgq0qqnJZN4fvEb53eZ8s2d3utD8wnnySDzQ+CPelQd1Dvp71+OkzXgR8C0oE+6uJ82vubzT SrJSjHBLV2QtLK5Q01jjMB4YXaQkXZgt7AJEBFJdi8WbfU40FgZniuTVjK4TV7N6Oh0tqVLIKzLdXe11ryMW1Su /lh3nBV1Q4U2zw0rwV2GrfzwTNugDmxCoAyw8NfMSupocyFKSahCeR+yQ/B5WhI0iH5OeqffO/asYc+oAP0ERH0 BZ2gM3SOxohF+9Hn6Dj6Gr+Pj+Jv8enGGkddzjv0X8Q/bgGx6sy+</latexit>
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<latexit sha1_base64="PVXMvJN3jmDAUNdkq9tDii t8Y6s=">AAACknicbVHLahsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEPIPRyNcZYT0GSePWDPqg/k 53/Zto7MGkSS5IHM45V/ehohLcujT9F8VPdp4+2917nrx4+er1fu/N20ura8NgzLTQ5rqgFgRXMHbcCbiuDFBZC LgqFqetfrUEY7lWF25VQS7pjeJzzqgL1LT3J1Pwi2kpqZo1GTPaWj8heTNIMlno3022XN8LMAqTymXlHbI0tYBk o422GihbG5DUlcFXlVQ5LZvC94nfOr3Plm3u9lkfmE8+SQabDoI96dCW8NNePx2m68APAelAH3VxPu39zWaa1R KUY4JaOyFp5fKGGseZgFChtlBRtqA3MAlQUQk2b9Yr9XgQmBmeaxOOcnjN3s1oqLR2JYvgbEe197WWfEyb1G5+m DdcVbUDxTaF5rXATuP2f/CMG2BOrAKgzPDQK2YlNZS58ItJWAK5P/JDcDkaknRIfo76J9+7deyhD+gAfUQEfUEn 6AydozFi0X70OTqOvsbv46P4W3y6scZRl/MO/Rfxj1uzcMy/</latexit><latexit sha1_base64="PVXMvJN3jmDAUNdkq9tDii t8Y6s=">AAACknicbVHLahsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEPIPRyNcZYT0GSePWDPqg/k 53/Zto7MGkSS5IHM45V/ehohLcujT9F8VPdp4+2917nrx4+er1fu/N20ura8NgzLTQ5rqgFgRXMHbcCbiuDFBZC LgqFqetfrUEY7lWF25VQS7pjeJzzqgL1LT3J1Pwi2kpqZo1GTPaWj8heTNIMlno3022XN8LMAqTymXlHbI0tYBk o422GihbG5DUlcFXlVQ5LZvC94nfOr3Plm3u9lkfmE8+SQabDoI96dCW8NNePx2m68APAelAH3VxPu39zWaa1R KUY4JaOyFp5fKGGseZgFChtlBRtqA3MAlQUQk2b9Yr9XgQmBmeaxOOcnjN3s1oqLR2JYvgbEe197WWfEyb1G5+m DdcVbUDxTaF5rXATuP2f/CMG2BOrAKgzPDQK2YlNZS58ItJWAK5P/JDcDkaknRIfo76J9+7deyhD+gAfUQEfUEn 6AydozFi0X70OTqOvsbv46P4W3y6scZRl/MO/Rfxj1uzcMy/</latexit><latexit sha1_base64="PVXMvJN3jmDAUNdkq9tDii t8Y6s=">AAACknicbVHLahsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEPIPRyNcZYT0GSePWDPqg/k 53/Zto7MGkSS5IHM45V/ehohLcujT9F8VPdp4+2917nrx4+er1fu/N20ura8NgzLTQ5rqgFgRXMHbcCbiuDFBZC LgqFqetfrUEY7lWF25VQS7pjeJzzqgL1LT3J1Pwi2kpqZo1GTPaWj8heTNIMlno3022XN8LMAqTymXlHbI0tYBk o422GihbG5DUlcFXlVQ5LZvC94nfOr3Plm3u9lkfmE8+SQabDoI96dCW8NNePx2m68APAelAH3VxPu39zWaa1R KUY4JaOyFp5fKGGseZgFChtlBRtqA3MAlQUQk2b9Yr9XgQmBmeaxOOcnjN3s1oqLR2JYvgbEe197WWfEyb1G5+m DdcVbUDxTaF5rXATuP2f/CMG2BOrAKgzPDQK2YlNZS58ItJWAK5P/JDcDkaknRIfo76J9+7deyhD+gAfUQEfUEn 6AydozFi0X70OTqOvsbv46P4W3y6scZRl/MO/Rfxj1uzcMy/</latexit><latexit sha1_base64="PVXMvJN3jmDAUNdkq9tDii t8Y6s=">AAACknicbVHLahsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEPIPRyNcZYT0GSePWDPqg/k 53/Zto7MGkSS5IHM45V/ehohLcujT9F8VPdp4+2917nrx4+er1fu/N20ura8NgzLTQ5rqgFgRXMHbcCbiuDFBZC LgqFqetfrUEY7lWF25VQS7pjeJzzqgL1LT3J1Pwi2kpqZo1GTPaWj8heTNIMlno3022XN8LMAqTymXlHbI0tYBk o422GihbG5DUlcFXlVQ5LZvC94nfOr3Plm3u9lkfmE8+SQabDoI96dCW8NNePx2m68APAelAH3VxPu39zWaa1R KUY4JaOyFp5fKGGseZgFChtlBRtqA3MAlQUQk2b9Yr9XgQmBmeaxOOcnjN3s1oqLR2JYvgbEe197WWfEyb1G5+m DdcVbUDxTaF5rXATuP2f/CMG2BOrAKgzPDQK2YlNZS58ItJWAK5P/JDcDkaknRIfo76J9+7deyhD+gAfUQEfUEn 6AydozFi0X70OTqOvsbv46P4W3y6scZRl/MO/Rfxj1uzcMy/</latexit>
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<latexit sha1_base64="wQXqmYuycjIZ7vwP1gdzza FZSy4=">AAACknicbVHLahsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEPIPRyNcZYT0GSePWDPqg/k 53/Zto7MGkSS5IOpxzrqR7b1EJbl2a/oviJztPn+3uPU9evHz1er/35u2l1bVhMGZaaHNdUAuCKxg77gRcVwaoL ARcFYvTVr9agrFcqwu3qiCX9EbxOWfUBWra+5Mp+MW0lFTNmowZba2fkLwZJJks9O8mW673BRiFSeWy8g5ZmlpA stFGWw2UrQ1I6srgq0qqnJZN4fvEb53eZ8s2d3utD8wnnySDzQ+CPelQd1Dvp71+OkzXgR8C0oE+6uJ82vubzT SrJSjHBLV2QtLK5Q01jjMB4YXaQkXZgt7AJEBFJdi8WbfU40FgZniuTVjK4TV7N6Oh0tqVLIKzLdXe11ryMW1Su /lh3nBV1Q4U2zw0rwV2GrfzwTNugDmxCoAyw8NfMSupocyFKSahCeR+yQ/B5WhI0iH5OeqffO/asYc+oAP0ERH0 BZ2gM3SOxohF+9Hn6Dj6Gr+Pj+Jv8enGGkddzjv0X8Q/bgGx6sy+</latexit><latexit sha1_base64="wQXqmYuycjIZ7vwP1gdzza FZSy4=">AAACknicbVHLahsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEPIPRyNcZYT0GSePWDPqg/k 53/Zto7MGkSS5IOpxzrqR7b1EJbl2a/oviJztPn+3uPU9evHz1er/35u2l1bVhMGZaaHNdUAuCKxg77gRcVwaoL ARcFYvTVr9agrFcqwu3qiCX9EbxOWfUBWra+5Mp+MW0lFTNmowZba2fkLwZJJks9O8mW673BRiFSeWy8g5ZmlpA stFGWw2UrQ1I6srgq0qqnJZN4fvEb53eZ8s2d3utD8wnnySDzQ+CPelQd1Dvp71+OkzXgR8C0oE+6uJ82vubzT SrJSjHBLV2QtLK5Q01jjMB4YXaQkXZgt7AJEBFJdi8WbfU40FgZniuTVjK4TV7N6Oh0tqVLIKzLdXe11ryMW1Su /lh3nBV1Q4U2zw0rwV2GrfzwTNugDmxCoAyw8NfMSupocyFKSahCeR+yQ/B5WhI0iH5OeqffO/asYc+oAP0ERH0 BZ2gM3SOxohF+9Hn6Dj6Gr+Pj+Jv8enGGkddzjv0X8Q/bgGx6sy+</latexit><latexit sha1_base64="wQXqmYuycjIZ7vwP1gdzza FZSy4=">AAACknicbVHLahsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEPIPRyNcZYT0GSePWDPqg/k 53/Zto7MGkSS5IOpxzrqR7b1EJbl2a/oviJztPn+3uPU9evHz1er/35u2l1bVhMGZaaHNdUAuCKxg77gRcVwaoL ARcFYvTVr9agrFcqwu3qiCX9EbxOWfUBWra+5Mp+MW0lFTNmowZba2fkLwZJJks9O8mW673BRiFSeWy8g5ZmlpA stFGWw2UrQ1I6srgq0qqnJZN4fvEb53eZ8s2d3utD8wnnySDzQ+CPelQd1Dvp71+OkzXgR8C0oE+6uJ82vubzT SrJSjHBLV2QtLK5Q01jjMB4YXaQkXZgt7AJEBFJdi8WbfU40FgZniuTVjK4TV7N6Oh0tqVLIKzLdXe11ryMW1Su /lh3nBV1Q4U2zw0rwV2GrfzwTNugDmxCoAyw8NfMSupocyFKSahCeR+yQ/B5WhI0iH5OeqffO/asYc+oAP0ERH0 BZ2gM3SOxohF+9Hn6Dj6Gr+Pj+Jv8enGGkddzjv0X8Q/bgGx6sy+</latexit><latexit sha1_base64="wQXqmYuycjIZ7vwP1gdzza FZSy4=">AAACknicbVHLahsxFNVM0yadPuI+dt2IGEMXxYwMpSGLNG02WXSRQpwEPIPRyNcZYT0GSePWDPqg/k 53/Zto7MGkSS5IOpxzrqR7b1EJbl2a/oviJztPn+3uPU9evHz1er/35u2l1bVhMGZaaHNdUAuCKxg77gRcVwaoL ARcFYvTVr9agrFcqwu3qiCX9EbxOWfUBWra+5Mp+MW0lFTNmowZba2fkLwZJJks9O8mW673BRiFSeWy8g5ZmlpA stFGWw2UrQ1I6srgq0qqnJZN4fvEb53eZ8s2d3utD8wnnySDzQ+CPelQd1Dvp71+OkzXgR8C0oE+6uJ82vubzT SrJSjHBLV2QtLK5Q01jjMB4YXaQkXZgt7AJEBFJdi8WbfU40FgZniuTVjK4TV7N6Oh0tqVLIKzLdXe11ryMW1Su /lh3nBV1Q4U2zw0rwV2GrfzwTNugDmxCoAyw8NfMSupocyFKSahCeR+yQ/B5WhI0iH5OeqffO/asYc+oAP0ERH0 BZ2gM3SOxohF+9Hn6Dj6Gr+Pj+Jv8enGGkddzjv0X8Q/bgGx6sy+</latexit>
b
<latexit sha1_base64="W/NZrSYX14Kjks cGbto6NBn9b1k=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFiwq2LAsEmkrZU aRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/07SO0d3790/fpA9fPT4 ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXnXr9Yg/PSmm+4aaDU/MrIpRQcIz Uf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19 Tc0NWt1VYcjCwRlCse5zD8+GyLwJWTbaVRDtWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0 Jx72csb7DsuEMpFISsaD00XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r /qbWk//TZi0uP5SdNE2LYMTuo2WrKFra74MupAOBahMBF07GWqmoueMC49ayOAR2s+Xb4H wyZvmYfZ0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on0 41/8icYi</latexit><latexit sha1_base64="W/NZrSYX14Kjks cGbto6NBn9b1k=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFiwq2LAsEmkrZU aRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/07SO0d3790/fpA9fPT4 ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXnXr9Yg/PSmm+4aaDU/MrIpRQcIz Uf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19 Tc0NWt1VYcjCwRlCse5zD8+GyLwJWTbaVRDtWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0 Jx72csb7DsuEMpFISsaD00XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r /qbWk//TZi0uP5SdNE2LYMTuo2WrKFra74MupAOBahMBF07GWqmoueMC49ayOAR2s+Xb4H wyZvmYfZ0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on0 41/8icYi</latexit><latexit sha1_base64="W/NZrSYX14Kjks cGbto6NBn9b1k=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFiwq2LAsEmkrZU aRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/07SO0d3790/fpA9fPT4 ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXnXr9Yg/PSmm+4aaDU/MrIpRQcIz Uf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19 Tc0NWt1VYcjCwRlCse5zD8+GyLwJWTbaVRDtWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0 Jx72csb7DsuEMpFISsaD00XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r /qbWk//TZi0uP5SdNE2LYMTuo2WrKFra74MupAOBahMBF07GWqmoueMC49ayOAR2s+Xb4H wyZvmYfZ0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on0 41/8icYi</latexit><latexit sha1_base64="W/NZrSYX14Kjks cGbto6NBn9b1k=">AAACgnicbVHLbhMxFPUMBcrwaIAlG4soEkIojMMCFiwq2LAsEmkrZU aRx7npWPFjZN8JRCN/CL/Fjq8BTxJFpeVKto7OOde+j6pR0mOe/07SO0d3790/fpA9fPT4 ycng6bNzb1snYCqssu6y4h6UNDBFiQouGwdcVwouqtXnXr9Yg/PSmm+4aaDU/MrIpRQcIz Uf/CwMfBdWa24WXSGc9T7MWNmNskJX9kdXrLf3CpyhrMGivkbWrlWQ7bTJQQPjWweaYx19 Tc0NWt1VYcjCwRlCse5zD8+GyLwJWTbaVRDtWTUfDPNxvg16G7A9GJJ9nM0Hv4qFFa0Gg0 Jx72csb7DsuEMpFISsaD00XKz4FcwiNFyDL7vtCAMdRWZBl9bFY5Bu2esZHdfeb3QVnX1r /qbWk//TZi0uP5SdNE2LYMTuo2WrKFra74MupAOBahMBF07GWqmoueMC49ayOAR2s+Xb4H wyZvmYfZ0MTz/tx3FMXpCX5BVh5D05JV/IGZkSQf4ko2ScvE2P0tcpS9/trGmyz3lO/on0 41/8icYi</latexit>
Fig. 9. A quadruple braid is equivalent to the Identity Braid.
This simple result is most satisfying and brings us back to a
point that we already know but have perhaps forgotten. That
is, the unmarked state, as an operation, is the identity. If you
do nothing, then nothing has been done.
We have barely touched on the details of the extended
algebras, but have shown enough to suggest deep relations
with iterative and braided forms (see for example [6], [22]).
We plan to explore the rotational and braided forms of the
extended BF calculus more systematically in a future paper.
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